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Outline of the talk

© General abstract Definition of Term Equational Rewrite
System (TERS).

© Development of the Theory of Term Equational Rewrite
Systems.

© Applications of Term Equational Rewrite Systems.
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Overview: Definition of TERS

Term Equational Rewrite Systems are a framework for developing
systems/logics of equations and rewrites.

© Equational logic
reasoning about equality between terms.
© Rewriting system/logic
deriving/reasoning about rewrite relation betwen terms.

@ terms
T

/D = @ equational/rewrite judgements

@ algebraic models
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Overview: Theory of TERS

Judgements

CHt=¢ Trt>t]
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Overview: Theory of TERS

Judgements

THi=t Trt>{]

A —TERL (xe{=>}

| Soundness of TERL
Vv MEA = METFtxt
{ Internal Completeness

FM(A) ET k- tx¢'
Explicit Construction of FM(.A)
(Fiore & Hur, ICALP 07)
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Overview: Theory of TERS

Judgements

THi=t Trt>{]

A —TERL (xe{=>}

| Soundness of TERL
Vv MEA = METFtxt
{ Internal Completeness

FM(A) =T F txt'
by Explicit Construction of FM(.A)
¢ (Fiore & Hur, ICALP 07)
compact logic

FFtxt
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Overview: Theory of TERS

Judgements

THi=t Trt>{]

A —TERL (xe{=>}

| Soundness of TERL
Vm MEA = METFtxt
{ Internal Completeness

FM(A) ET = txt
e.g., standard term rewriting modulo equations [M(A)
/r \l 10rc o 1r1rur, TCALT Ul}

compact logic

FFtxt
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Overview: Applications of TERS

© Equational logic
o algebraic theories and first-order equational logic

@ Nominal Equational Logic
(Gabbay & Mathijssen 06; Clouston & Pitts 07)

© Rewriting system/logic
o first-order Term Rewriting System

@ Binding Term Rewriting System (Hamana 03)

o Nominal Rewriting System (Ferndndez,Gabbay,Mackie 04)
o Combinatory Reduction System (Klop 80)
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In this talk, in order to convey the basic ideas more easily, we
consider TERSs in restricted form only dealing with

@ equations (not rewriting)

@ single-sorted (not multi-sorted)
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Definition: |. Terms and Judgements

@ Symmetric monoidal closed category (2,1, ®,[—,=])
@ Strong monad T = (T,naﬂaf)

Xy : X®@TY - T(XQ®Y)
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Definition: |. Terms and Judgements

@ Symmetric monoidal closed category (9\,([,@, [—,=])
° StrongWT = (Tvnv“’f) | Universe of discourse

Syntax Txy : XQTY - T(XQY)
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Definition: |. Terms and Judgements
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° StrongWT = (Tvnv“’f) | Universe of discourse

Syntax Txy : XQTY - T(XQY)

Vey TKE@

/
| Terms with variables in V'
\

© Generalised Term t:U — TV, denoted U,V 1t
/

Parameter (e.g., Atoms, Object Variables)

Chung-Kil Hur Term Equational Rewrite Systems and Logics



Definition: |. Terms and Judgements

@ Symmetric monoidal closed category (9\,(],@, [—,=])
° StrongWT = (Tvnv“’f) | Universe of discourse

Syntax Txy : XQTY - T(XQY)

Vey TKE@

/
| Terms with variables in V'
\

© Generalised Term t:U — TV, denoted U,V 1t
/

Parameter (e.g., Atoms, Object Variables)

© Generalised Equation U,V Ft=1¢
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Definition: 1l. Algebraic Models

o

@ Models for T: Eilenberg-Moore algebras for T
(D,§:TD — D)
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Definition: 1l. Algebraic Models

o

@ Models for T: Eilenberg-Moore algebras for T
(D,§:TD — D)

@ Satisfaction relation
(D,¢) E U VEt=1
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Definition: 1l. Algebraic Models

o

@ Models for T: Eilenberg-Moore algebras for T

(D,¢:TD — D)
| Interpretation of Operators in D

@ Satisfaction relation
(D,¢) E U VEt=1

1} Def

VDo 3 0 {Evaluation]
B

(D)

Assignment of Variables in D |
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Definition: 1l. Algebraic Models

>

@ Models for T: Eilenberg-Moore algebras for T

(D,¢:TD — D)
| Interpretation of Operators in D

@ Satisfaction relation
(D,¢) E U VEt=1

1} Def

VDo 3 0 {Evaluation]
B

(D)

[t : V,DloU X84 v, Do TV S T(V,D] o V) ISTD 5 D

Assignment of Variables in D |

where
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Theory: TERL

A _TERL , UVEkt=t¢
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Theory: TERL

@ Equivalence relation
UVikt=t UVrt=¢ UVEL=t
UViEt=t UVEt=t UVviEt=t"

A _TERL , UVEkt=t
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Theory: TERL

@ Equivalence relation
UVikt=t UVrt=¢ UVEL=t

UVFt=t UVFt=t UVEt=¢t'
@ Axiom

_  UVrt=¢

Tvii=y U JEA N 4 _TERL . pypi=v
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Theory: TERL

@ Equivalence relation
UVikt=t UVrt=¢ UVEL=t
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Theory: TERL

@ Equivalence relation
UVikt=t UVrt=¢ UVEL=t

UVEt=t UVEt=t UVikt=t
@ Axiom

—_— (U, VFt=t

Tvii=y U JEA N 4 _TERL . pypi=v
@ Substitution

UWkti=t), W Vkta=t)
U,V F ] = il —— v rw B TV STV
@ Tensor Extension
UVEt=t
WeUWVEW)t= W)t
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Theory: TERL

@ Equivalence relation

UVit=t UVkt=t UVEY=¢"

UVEt=t UVEFEt=t UVEt=t!
@ Axiom

Tyrese OVFIEOEA] 4 TR, yyii=e
@ Substitution

UWkti=t), W Vkta=t)

U,V F ] = il —— v rw B TV STV
@ Tensor Extension
UVEt=t

WeUWeVEWi=WE=lweU S weTvST(WaV)
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Theory: TERL

@ Equivalence relation

UVEkt=t UVkt=t UVF=¢
UVEt=t UVEt=t UVikt=t
@ Axiom
—— (U, VFt=t
Tvii=y U JEA N 4 _TERL . pypi=v
@ Substitution
U,Wl—tlEtll VV,Vl—tQEtIQ
UJ/Hl[W v rw B TV STV
@ Tensor Extension
UVEt=t
W®U,W®V|—(WWW@)U@W@T‘/LT(W@V)
@ Local Character
U ,Vktoe=toe (icl o )
°oc cei ((€D) {e; : Ui — U }ier jointly epi

UVEkt=t
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Theory: Soundness of TERL

A TR pvki=v

4
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Theory: Internal Completeness
D]y~ 9T (D,£:TD — D)
NI
92 )T D
AEUVEt=Y

ﬁDef
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Theory: Internal Completeness

free model satisfying A T W 9T (D,¢:TD — D)

A\_/—TAD ()’]_)
\Q;)T ZI?
AEUVEt=Y

ﬁDef

(TqV,oy) E UV EL=E
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Theory: Internal Completeness

free model satisfying A T W 9T (D,¢:TD — D)

A\—/—TAD ()’]_) \fl I
"9 )T D
AEUVFt=¢
ﬁDef

(TqV,oy) E UV EL=E

t
qvot=qyot' : U3 TV —“TaV
t/

where

qv : TV — T4V is the quotient of TV under A.
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Theory: Construction of gy

The theory of Equational Systems (Fiore & Hur, ICALP 07)
provides an explicit construction of the quotient map

qv TV — T4V .
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Theory: Construction of gy

The theory of Equational Systems (Fiore & Hur, ICALP 07)
provides an explicit construction of the quotient map

qv TV — T4V .

If
@  is cocomplete
@ The endofunctors T" and [W, —] @ R for every
(R,WF s=¢s'") € A preserve colimits of w-chains and
epimorphisms.
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Theory: Construction of gy

The theory of Equational Systems (Fiore & Hur, ICALP 07)
provides an explicit construction of the quotient map

qv TV — T4V .

If
@  is cocomplete
@ The endofunctors T" and [W, —] @ R for every
(R,WF s=¢s'") € A preserve colimits of w-chains and
epimorphisms.

then
V((RWEs=s)e ATTV Tq1 TY, Tq2 TTAV
[[Sﬂ(Tvuv)MV‘L \,A \J lUV .
[W,TV]® R :; 000 T4V colim

\QV—/»

'l zv,y)
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Theory: Construction of gy

The theory of Equational Systems (Fiore & Hur, ICALP 07)
provides an explicit construction of the quotient map

qv TV — T4V .

If
@  is cocomplete
@ The endofunctors ¥ and [W, —] @ R for every
(R,WtF s=¢s'") € A preserve colimits of w-chains and
epimorphisms.
@ T is a free monad of an endofunctor X.

then
V((RWEs=s)e AETV ¥q1 SY; g2 ST,V
HSH(TVuv) ‘L \,A \J \LUV .
W, TV]@ R——=T e T4V colim
[[SE(T\/#V) \QV —/»
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Theory: Towards External Completeness

AEUVFt=Y
(i

t
qrot=qyot' : U—Z3TV -2 T4V
t/

_|_

Explicit construction of gy

4

We may synthesize a sound and complete logic.
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Application

Nominal Term Equational System

and Logic
(NTES & NTEL)
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NTES/L: S.M.C. Category

O MNom: the category of nominal sets

Q (1, #,[—,=]) : symmetric monoidal closed structure
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NTES/L: S.M.C. Category

O MNom: the category of nominal sets

Q (1, #,[—,=]) : symmetric monoidal closed structure
@ 1 : a singleton nominal set
o M# M £ {(m,m') € M x M| supp(m)Nsupp(m’) =0}
@ A: the nominal set of atoms
o A" = {(ay,...,a,) € A" | Vi<igi<n @i # aj }
o [A7" M] = {{(@*)m | (a") € A*" m e M}

where

a & ay,...,an

(@) m is an a-equivalence class
eg. (a,b) f(a,b,a) = {c,d) f(c,d,c)
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NTES/L: Strong Monad

@ Signature ¥ = { X(k) }ren
for 3(k) a nominal set of operators of arity k
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NTES/L: Strong Monad

@ Signature ¥ = { X(k) }ren
for 3(k) a nominal set of operators of arity k

@ Endofunctor
Fs(M) = Ilpen2(k) x M*
= {oml...mk|/£6N,0€E(k),m1,...,mk€M}
@ with Strength

T: M #Fs (M) — Fx(M'#M)
(m';omy...mg) — o (m/,my)...(m my)

Chung-Kil Hur Term Equational Rewrite Systems and Logics



NTES/L: Strong Monad

@ Signature ¥ = { X(k) }ren
for 3(k) a nominal set of operators of arity k

@ Endofunctor
Fo(M) = Ilien2(k) x M*
= {oml...mk|/£6N,0€E(k),m1,...,mk€M}

@ with Strength

T: M #Fs (M) — Fx(M'#M)
(m';omy...mg) — o (m/,my)...(m my)

@ Free monad Ty, = (1%, n, 1)

teTxM == m (meM)
‘ oty... 1t (OEZ(k),tl,..,tkETzM)

@ with Inductively defined Strength
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NTES/L: Terms and Judgements

Generalised terms U — Ty V'
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NTES/L: Terms and Judgements

Generalised terms U — Ty V'

Choose
U= A#" forn € N

V=A#" 4+ 4+ A#% forkeNn;,....,ny €N
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NTES/L: Terms and Judgements

Generalised terms U — Ty V'

Choose
U= A#" forn € N

V=A#" 4+ 4+ A#% forkeNn;,....,ny €N

Then
%

T1:ny,...,Tp:np bt

Inductively defined by

) [ie{l,...,k}, ]

T1:ng,..., o g Eaial,. .. an, (c;’ni) c A#Fni
Tying, ..o ing o (1<i<k) o€ B(k)
T1:M,..., T N0ty 1k
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NTES/L: Terms and Judgements

Generalised terms U — Ty V'

Choose
U = A#" forn e N

V=A#" 4+ 4+ A#% forkeNn;,....,ny €N

Then
U— 1TV

(@"yxy:ny,...,xp:np k-t

Inductively defined by

) [ie{l,...,k}, ]

(@) xy:ny, ..., xp g Fa(ay,. .., a, (aﬁ’m) € A#ni {(;’n'} c{a}
(@ )ywyiny, ..ot (1<i<k) [oe S(k),
(@)Y x1:n1,..., ok oty ..t supp(o) C {a1,...,a,}
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NTES/L: Terms and Judgements

Generalised terms U — Ty V'
Choose
U = A#" forneN
V=A#" 4+ 4+ A#% forkeNn;,....,ny €N

Then
Generalised terms & judgements

(@"yxy:ny,...,xp:np k-t
<(3,'”>x1:n1,...,$k:nkl—t5t’

Inductively defined by

ie{l,...,k},
(@) xy:ny, ..., xp e Fai(ay,. .. a,,) (aﬁ’m) € A#ni, {(;’n'} C{a"}
(@ )ywyiny, ..ot (1<i<k) [oe S(k),
(@)Y x1:n1,..., ok oty ..t supp(o) C {a1,...,a,}
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NTES/L: Algebraic Models

@ Algebras

Eilenberg-Moore algebras for Ty
[
where Fx-algebras (M, e)
M € Nom
e={e, :X(n)x M — M }pen
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NTES/L: Algebraic Models

@ Algebras

Eilenberg-Moore algebras for Ty
[

where Fx-algebras (M, e)

M € Nom
e = {en : E(n) XM — M }TIEN

@ Satisfaction relation
(M,e) = (@"yx1:nq,...,xp:np bt =1
0 Def
[I:t:l]j\'],e

[A#M M x ... x [A#% M) x A#" 1T M
[[t/ﬂ M.e
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NTES/L: Untyped A-calculus (Example)

@ Signature
ZA(O)I{VCLHIEA} ™ VaZVﬂ-(a)
Zx(l):{La‘G/EA} W-La:Lﬂ.(a)
YA (2)={A4} T-A=A
@ Axioms
(a,byx :1 F Lyx(a) = Ly x(b) ()

@ Algebras
V]:A—- M
[L] :AxM—M
[A] : M2 — M
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NTES/L: Untyped A-calculus (Example)

@ Signature
ZA(O)I{VCLHIEA} ™ VaZVﬂ-(a)
Zx(l):{La‘G/EA} W-La:Lﬂ.(a)
YA (2)={A4} T-A=A
@ Axioms
(a,b)x :1 F Lyx(a) = Ly x(b) (o)
(@)z:0 F L (Az() Va) = 2() (n)
@ Algebras
V]:A—- M . [L]: [A,M] - M
[L] :AxM—M
[A] : M2 — M
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NTES/L: Sound Logic NTEL

Ref Sym Trans Axiom
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NTES/L: Sound Logic NTEL

Ref Sym Trans Axiom
—n, — gy - A(z) — o
(@YAFt=t {(bs YT F sz =8, }aeia
Subst = - =
(@) Tkt — (b) Sw]fce\Al = t'[lx — (bs) Sw]zEIA\
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NTES/L: Sound Logic NTEL

Ref Sym Trans Axiom
o ey - A(zx) 7
(@YAFt=t {(bs >F|—5z=3m}zem|

Subst = - =
(@) Tkt — (b) Sw]fce\Al = t'[lx — (bs) Sw]zEIA\

|Tensor Extension |
o @reesr Brpe (GO hean # 87
ntro = = =
(@, o) T - tle = () a(c, e = o = (6G) 2(6, )l

where |T0"| = || and V,¢p T (2) = T'(z) +m
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NTES/L: Sound Logic NTEL

Ref Sym Trans Axiom
o ey - A(zx) 7
(@YAFt=t {(bs >F|—5z=3m}zem|

Subst = - =
(@) Tkt — (b) Sw]fce\Al = t'[lx — (bs) Sw]zEIA\

|Tensor Extension |
o @reesr Brpe (GO hean # 87
ntro = = =
(@, o) T - tle = () a(c, e = o = (6G) 2(6, )l

where |T0"| = || and V,¢p T (2) = T'(z) +m

| Local Character |
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NTES/L: Completeness

u 7
A E (@) x:ny,..., 2 :nﬂ—uzv<:>A#mT§ TZVLTZAV

where V = A#m 4 A#u
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NTES/L: Completeness

u 7
A E (@) x1:ny,... 2 Fu=ve pA#m - ?/TZVLTZAV

where V = A% 4 4 AT TsV ={x1:n1,...,z1:ny -t}
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NTES/L: Completeness

A E (@) x; nl,...,a;l:nl}—uzv<:>A#m%§/T2Vi>T2AV

where V = A% 4 4 AT TsV ={x1:n1,...,z1:ny -t}

V{@arrt=teA pryv 24 py, B8 myy oo FaToV

B : I le po l@
T, Ts V] # A#" ﬁ TeV \ \ .o+ Ty 4Veolim
: \ QV —/’»
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NTES/L: Completeness

A E (@™yx:ng,...
where V = A#m

V(@)THt=t)ec A

[T, T V] # A#n ﬁ sV

,xpim Fu=

—+

AT

u
v = A#M HT/TEV TV

sV ={zy:ny,...,z;:n -t}

Fsxq;

F TEV*»FgYi*»FEYVQ FngAV

tm\po\ e

Tg_AVcolim

\qv—/’»

1 t=l¢

/

t E1 t/ t/ El t”

Ref' —— Sym g1 Trans' r—
o (@ Trt=t)e A " #{(G)s, € [A*TO V] L
xom (@) - )z — () sale =1 (@D) - )z — (G) 5ala

Chung-Kil Hur
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NTES/L: Completeness

A E (@) x; nl,...,a;l:nl}—uzv<:>A#m%§/T2Vi>T2AV

where V = A% 4 4 AT TsV ={x1:n1,...,z1:ny -t}

V{@arrt=teA pryv 24 py, B8 myy oo FaToV

B : I le po l@
T, Ts V] # A#" ﬁ TeV \ \ .o+ Ty 4Veolim
: \ QV —/’»

2 4/ 2 4/ ! —2 4
2 2 t: t: t t — t
Ref* =5 Sym 5, Trans’ =
ti="t, (1<i<k) =1
2 1 7 —= v = 2 =
: e Nk L=t
o te =20t .t ° (k) Inc® ==y
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NTES/L: Completeness

A E (@) x; nl,...,a;l:nl}—uzv<:>A#m%§/T2Vi>T2AV

where V = A#™ 4 A#M TsV = {z1:n1,.

chxpimg bt}

V{@arrt=teA pryv 24 py, B8 myy oo FaToV

B : I le po l@
T, Ts V] # A#" ﬁ TeV \ \ .o+ Ty 4Veolim
: \ QV —/’»

—n ¢/ — tl tl —_n t”

Ref" E Sym" 775/ —ny Trans™ = ¢

="t (1<i<k)
oty...ty =" oth ...t

" t E7171 t/
t="¢

Cong™ oeX(k) Inc
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NTES/L: Completeness

AE @

where V = A#m 4 4

Ny, . ..

V(@)THt=t)ec A

AFn i sV

,xpimn Fu

u
= v = pA#mM Tg/TgV TV

AT

sV ={zy:ny,...,z;:n -t}

Fxq

1

F TEV*»FgYi*»FEYVQ FngAV

tm\po\ e

[f, TZV] # Tg_AVcolim
: \ qv —/’»
w w t=t w t=t =
Ref* ——o— Sym 7 —og Trans pr—
., (@rri=t)eA 0" # { (&) 50 € [AFT®) TSV] aepr
Axiom o
((@0) - D)w = (G) sale = (@ D) - )& = (&) sl
=2t (1<i<k)

“ Yk

Cong oty...ty = oty ...t} o€ (k)
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NTES/L: Completeness

) A E (@) xy:ny,...,xpmbu=v
)
W u qv
AFFM *? sV —— TZAV
v
)
u ="
w w t=t w t=t =
Ref* ——z Sym W —og Trams py—
., (@rri=t)eA 0" # { (&) 50 € [AFT®) TSV] aepr
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NTES/L: Completeness
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As proofs of u

=“ v can be turned into proofs in NTEL,

NTEL is complete.
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NTES/L: NTEL = Nominal Equational Logic

The NTEL is equivalent to the Nominal Equational Logic (Gabbay
& Mathijssen 06; Clouston & Pitts 07).
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Discussion

© Equational logic

@ algebraic theories and first-order equational logic

]

]

(Set)

Nominal Equational Logic
(Gabbay & Mathijssen 06; Clouston & Pitts 07)
(Nom)

higher-order equational logic

© Rewriting system/logic

o

]

o

first-order Term Rewriting System (Pre)
Binding Term Rewriting System (Hamana 03) (Pre')

Nominal Rewriting System (Ferndndez,Gabbay,Mackie 04)

(Perm//p(a))
cf. NTERS (PreNom)

Combinatory Reduction System (Klop 80) (Pre™)
Higher-order Rewrite System (Nipkow 91)
Maude system (Meseguer et al.)
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