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	�YV

1 áÔ�ÐÕªA�bç
 l��:rÂÒ¾¡§õ� �̧½+Ë (elements & compound)

2 s�2£§f±	l� (binding, delclaration, definition)

3 F�)
ü< �¦	��<ÊÃº (recursion & higher-order functions)

4 ��{9�Ü¼�Ð &ñ
o�
�l� (types & typeful programming)

5 áÔ�ÐÕªÏþ�_� >�íß� 4�¤ú̧��̧ (program complexity)

6 ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� (program correctness)
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áÔ�ÐÕªÏþ� ½̈$í
\� ¹ô�Çכ��9 ¹�èכ (Elements of

Programming)

I l��:rÂÒ¾¡§(primitives)

I �̧½+Ë
���H ~½ÓZO�(means of constructing compound)

I áÔ�ÐÕªÏþ� z�́'��õ�&ñ
_� s�K�(rule of evaluation)

I ��{9�Ü¼�Ð &ñ
o�
���H ~½ÓZO�(types)

I 5Åq?/6 x�̀¦ y��ÆÒ��H ~½ÓZO�(means of abstraction)
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l��:rÂÒ¾¡§_� ìøÍ4�¤�)a �̧½+Ë (Combination of

Primitives)

(pictures from Google search)

Difference: programs can be executed
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l��:r ÂÒ¾¡§(primitives)

l��:r&h�Ü¼�Ð ]j/BNH�d. �©�Ãº(constant)���¦�̧ Ô�¦aË>.
type elements operators

N, R 0, -1, 1.2, -1.2e2 +, *, /, =, <=,· · ·
B #t, #f and, or, not,· · ·
String "snow", "12@it" substr,

strconcat,· · ·
Symbol ’snow, ’12@it

Unit ()

I Base types: N, R, B, String, Symbol

I z�́'��(evaluation, semantics): -1.2e2 is −1.2× 102, #t is
true, + is +, ’snow is a symbol named “snow”, etc
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d���̀¦ �̧½+Ë
���H ~½ÓZO� (Ways to Construct

Programs)

P ::= E program
E ::= c constant

| x name
| (if E E E) conditional
| (cons E E) pair
| (car E) selection
| (cdr E) selection
| (lambda (x∗) E) function
| (E E∗) application

I F�)
&h�(inductive, recursive):
I One can compose infinitely many programs.
I Arbitrary expressions can be plugged into an expression.

I When composing a program, one has to understand how
the program will be evaluated (semantics).
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áÔ�ÐÕªÏþ� d��_� z�́'��õ�&ñ
 (Evaluation Process)
I ÅÒ#Q��� áÔ�ÐÕªÏþ� d���̀¦ {9��¦(read)
I Õª d���̀¦ >�íß�
��¦(evaluate)

I >�íß�×�æ\� (��ÉÓ'� Bj�̧o�ü< r�çß��̀¦ �è�̧ (consume time
& memory)

I >�íß�×�æ\� {9�Ø�¦§4�s� e��Ü¼��� {9�Ø�¦§4��̀¦ Ãº'�� (input &
output)

I þj7áx >�íß� ���õ��� e��Ü¼��� �o���\� áÔ�2;àÔô�Ç��(print)

ÅÒ_�:

I d��_� z�́'�� ½©gË:(rule of evaluation, semantics): clearly
defined

I áÔ�ÐÕªA� Q��H s��¦̀�	כ s�K�K��� _��̧ô�Ç áÔ�ÐÕªÏþ��̀¦

���$í
½+É Ãº e��6£§ (programmer should understand the
semantics)

I ]j@/�Ð z�́'��|̈c Ãº \O���H(�̧ÀÓe����H) YO�0�
ô�Ç d��[þts� ú́§6£§
(Many well-formed programs are erroneous)
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d��_� z�́'��½©gË:(rule of evaluation, semantics)
z�́'�� ½©gË:. y�� d��_� 7áxÀÓ\� ����"f (Each case has its own
rule):

I c {9�M::
I x {9�M::
I (if E E E) {9�M::
I (cons E E) {9�M::
I (car E) {9�M::
I (cdr E) {9�M::
I (lambda (x∗) E) {9�M::
I (E E∗) {9�M::

ÅÒ_�:

I Òqt|��>� �̀����¦ �̧¿º ]j@/�Ð z�́'��÷&��H >� ��_��

(Well-formed programs may go wrong)
I ÂÒ¾¡§d��[þt_� >�íß����õ�_� ��{9�s� ú́����� (Well-typed

programs do not go wrong)
I s�2£§_� ��6 x (use of names), s�2£§_� Ä»ò́#3�0A(scope)
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áÔ�ÐÕªÏþ�d�� �̧½+Ë~½Ód��_� "é¶o� (Principle about

Program Components
♣
�̧��H áÔ�ÐÕªA�bç
 ���#Q\���H y�� ��{9����� Õª ��{9�_� °ú̀�כ¦

ëß�×¼��H d��õ� ��6 x
���H d���̀¦ ½̈$í

���H ~½ÓZO�s� ]j/BN�)a��.
[For each type, there are ways to make values of the type
(introduction) and ways to use them (elimination).]
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s� "é¶o�\�¦ SX����K��Ð��� (Let’s check this

principle)

��{9� τ ëß�×¼��H d�� (intro) ��6 x
���H d�� (elim)

l��:r��{9� ι c +, *, =, and,

substr, etc
Y�L��{9� τ × τ (cons E E) (car E), (cdr E)
�<ÊÃº��{9� τ → τ (lambda (x∗) E) (E E∗)
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��6£§

1 áÔ�ÐÕªA�bç
 l��:rÂÒ¾¡§õ� �̧½+Ë (elements & compound)

2 s�2£§f±	l� (binding, delclaration, definition)

3 F�)
ü< �¦	��<ÊÃº (recursion & higher-order functions)

4 ��{9�Ü¼�Ð &ñ
o�
�l� (types & typeful programming)

5 áÔ�ÐÕªÏþ�_� >�íß� 4�¤ú̧��̧ (program complexity)

6 ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� (program correctness)
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Naming (binding, declaration, definition)
♣
s�2£§ f±	l���H 5Åq?/6 xy��ÆÒl�(abstraction)_� 'Í	 Û¼9\�: s�2£§�̀¦

t�Ü¼��� t�g�A
���H @/�©�(5Åq?/6 x) @/���\� Õª s�2£§�̀¦ ��6 x
(Naming is a simple way of abstraction: One can hide details
by giving it a name)

I s�2£§ t��̀¦ Ãº e����H @/�©� (those that can be named):
I áÔ�ÐÕªÏþ�\�"f ��Ò�¦ Ãº e����H �̧��H °úכ (all values)

I s�2£§_� Ä»ò́#3�0A�� ô�Ç&ñ
H�d (The scope of a name is
given). ����"f,

I s�2£§ F���6 x ��0px (reuse a name)
I ����̂ áÔ�ÐÕªÏþ�_� �̧��H s�2£§�̀¦ ü@Ö�¦ 6£�O\¹כ��9§ (do not

need to know all names)
I s�2£§s� ¹ô�Çכ��9 /BM\�ëß� ·ú��9f�� (a name is defined only

where it is needed)

I s�2£§_� Ä»ò́#3�0A��H ~1�>� ���&ñ
H�d (The scope of a name
is easily determined)
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s�2£§_� Ä»ò́#3�0A ���&ñ
 (how to determine the

scope)
áÔ�ÐÕªÏþ� %7�Û¼àÔ\�"f ~1�>� ���&ñ
H�d(lexical scoping) [The
scope of a name is easily determined from the program text]

s���� çß�éß�ô�Ç Ä»ò́#3�0A��H Ãºo��7HÕüt_� 2000�̧� ���:�x (The
idea originates from Math):

Theorem The intersection of all addition-closed sets is
addition-closed.
Proof Let S be the intersection set. Let x and y be elements
of S. Because x and y are elements of ... hence in S.2
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s�2£§f±	l�(binding, declaration, definition)

I d��\�"f s�2£§f±	l�

E ::= · · · \V����þt]	כ

| (let ((x E)+) E) x_� &ñ
_�
| (letrec ((x E)+) E) x_� F�)
&ñ
_�

I áÔ�ÐÕªÏþ�\�"f s�2£§f±	l�

P ::= E >�íß�d��

| (define x E)∗ E s�2£§&ñ
_� Êê >�íß�d��
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s�2£§f±	l�_� z�́'��½©gË:(rule of evaluation,

semantics)

I (let ((x E)) E)

I (letrec ((x E)) E)

I (define x E) E

ÅÒ_� (Note):

I Òqt|��>� �̀����¦ �̧¿º ]j@/�Ð z�́'��÷&��H >� ��_��

(Well-formed programs may go wrong)

I ÂÒ¾¡§d��[þt_� >�íß����õ�_� ��{9�s� ú́����� (Well-typed
programs do not go wrong)

I s�2£§_� Ä»ò́#3�0A(scope)

I 8̈��â
(environment): s�2£§õ� Õª @/�©�(°úכ)_� 3lq2�¤³ð
(table for names and their associated values)
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s�2£§_� Ä»ò́#3�0A(scope) \V
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s�2£§f±	l� + ��6 x
�l�_� z�́'��õ�&ñ
(semantics)

(��ÉÓ'���H áÔ�ÐÕªÏþ� d���̀¦ z�́'��½+É M: (When evaluating an
expression)

I s�2£§õ� Õª @/�©�_� 3lq2�¤³ð\�¦ �'ao� (managing a table for
names and their associated values)

I Õª�Qô�Ç 3lq2�¤³ð\�¦ 8̈��â
s����¦ �<Ê (Such a table is called
an environment)

a 1
b 2
env ((’a 1) (’b 2))
f (lambda (x) (+ x 1))
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s�2£§f±	l� + ��6 x
�l�_� z�́'��õ�&ñ
(semantics)
8̈��â
 �'ao� (Managing environments)

I 8̈��â
 ëß�[þtl�: s�2£§s� t�#Qt���� (Make an environment
when names are defined)

I 8̈��â
 �ÃÐ�̧
�l�: s�2£§s� ��������� (Use the environment
when the names are used)

I 8̈��â
 �̀l�
�l�: Ä»ò́#3�0A�� =åQ����� (Delete the
environment when the scope ends)
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#��Q>h ô�Ç�����\� s�2£§f±	l�: z�́'��_�p�

(Multiple names at once)

I (let ((x1 E1) (x2 E2)) E)

I (letrec ((x1 E1) (x2 E2)) E)

I (define x1 E1) (define x2 E2) E
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[O��½Ó½̈�̧(syntactic sugar)

¼#�o�\�¦ 0AK�"f ]j/BN; t��FK��t��þt�Ð]	כ ½̈$í
��0px; ìøÍ×¼r� �9�
¹��Hכ \O��� (Just convinient notations for “expressions”):

list, cond, let, define�Ér [O��½Ó

(list E∗) = (cons · · · )
(cond (E E ′) (else E ′′)) = (if · · · )
(let ((x E)) E ′) = ((lambda · · · ) · · · )
(let ((x1 E1) (x2 E2)) E) = ((lambda · · · ) · · · )
(define x E) E ′ = (letrec · · · )
(define x E) (define y E ′) E ′′ = (letrec · · · )
(define (f x) E) = (define · · · )
(begin E E ′) = ((lambda · · · ) · · · )
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��6£§

1 áÔ�ÐÕªA�bç
 l��:rÂÒ¾¡§õ� �̧½+Ë (elements & compound)

2 s�2£§f±	l� (binding, delclaration, definition)

3 F�)
ü< �¦	��<ÊÃº (recursion & higher-order functions)

4 ��{9�Ü¼�Ð &ñ
o�
�l� (types & typeful programming)

5 áÔ�ÐÕªÏþ�_� >�íß� 4�¤ú̧��̧ (program complexity)

6 ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� (program correctness)
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F�)
(recursion): ÷&[�tl�, °ú �Ér {9�_� ìøÍ4�¤
I \V) F�)

��¦e����H ÕªaË>[þt:

I \V) F�)

��¦e����H ³ðl�ZO�:

E ::= c
| x
| (if E E E)
| (cons E E)

I \V) F�)

��¦e����H &ñ
_�:

a0 = 1, an+1 = an + 2 (n ∈ N)
X = 1 ↪→ X
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F�)
�<ÊÃº(recursive function)_� &ñ
_�

I �<ÊÃºëß� F�)
&h�Ü¼�Ð &ñ
_���0px (@/ÂÒì�r_� ���#Q) (�=?)
[Only functions can be defined recursively in most langs
(why?)]

(define fac

(lambda (n) (if (= n 0) 1

(* n (fac (- n 1))))

))

I e��_�_� °ú̀�כ¦ F�)
&h�Ü¼�Ð &ñ
_�? Õª °úכ >�íß�s� Áºô�Ç½+É
Ãº e��6£§ (possible in Haskell) [Recursively defined data
can be infinitely large]

(define x (+ 1 x))

(define K (cons 1 K))

(define Y (cons 1 (add1 Y)))
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F�)
�<ÊÃº_� z�́'��õ�&ñ


I ¾º&h�H�d: F�)
 ñØ�¦�̀¦ ��u��¦ >�5ÅqK��� ½+É {9�[þts�
I �<ÊÃº ñØ�¦M:  ñØ�¦ ��u��¦ >�5ÅqK��� ½+É

{9�(continuation)�̀¦ l�%3�K���

I �&³@/l�Õüt�Ér F�)
 ñØ�¦M: ¾º&h� ·ú§÷&�̧2�¤ ��1lx���8̈�

I =åQF�)
(tail recursion) ���8̈�
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=åQF�)
(tail recursion) ���8̈�

(define (fac n)

(if (= n 0) 1

(* n (fac (- n 1)))

))

(define (fac n)

(define (fac-aux m r)

(if (= m 0) r

(fac-aux (- m 1) (* m r))))

(fac-aux n 1))
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=åQF�)
�<ÊÃº(tail-recursive ftn)_� z�́'�� õ�&ñ


I ½+É{9��̀¦ (
��¦) F�)
 ñØ�¦ ���Ãº�Ð ���²ú�

I F�)
 ñØ�¦ ��u��¦ ½+É {9�s� ¾º&h�÷&t� ·ú§6£§
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�¦	��<ÊÃº(higher-order function)

I �<ÊÃº�� ������Ð

b∑
n=a

f(n) = f(a) + · · ·+ f(b)

I �<ÊÃº�� ���õ��Ð

d

dx
f(x) = lim

ε→0

f(x+ ε)− f(x− ε)
ε

�&³@/ áÔ�ÐÕªA�bç
\�"f

I �̧¿º t�"é¶÷&��H(Scala, Python, Lua, JavaScript, Clojure,
Scheme, ML, C#, F#1px)

I õ���\���H t�"é¶÷&t�3lwÙþ¡~��
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�¦	��<ÊÃº��H {9��©�\�"f ��¥
���

I �<ÊÃº�� ������Ð

I ¹o���(�<ÊÃº)��Hכ �¹o�ZO�(�<ÊÃº)õכ F�«Ñ\�¦ ~ÃÎ��"f...
I �·p"f(�<ÊÃº)��H o�1pue��>�¹¡§f��s���HZO�(�<ÊÃº)õ� 6£§����̀¦
~ÃÎ��"f...

I (��ÉÓ'�(�<ÊÃº)��H áÔ�ÐÕªÏþ�(�<ÊÃº)õ� {9�§4��̀¦ ~ÃÎ��"f...

I �<ÊÃº�� ���õ��Ð

I ¹o��<Æ�§(�<ÊÃº)��Hכ ¦�\¹o���(�<ÊÃº)כ ëß�[þt#Q?/�¦
I �·pÛ¼1lx��o�(�<ÊÃº)��H �·p"f(�<ÊÃº)\�¦ ëß�[þt#Q?/�¦
I (��ÉÓ'�/BN�©�(�<ÊÃº)�Ér (��ÉÓ'�\�¦(�<ÊÃº) ëß�[þt#Q?/�¦
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�¦	��<ÊÃº_� jþt�̧
�¦Ãºï�rÜ¼�Ð {9�ìøÍ�o�)a �<ÊÃº\�¦ &ñ
_�½+É Ãº e����

(define (sigma lower upper)

(lambda (f)

(define (loop n)

(if (> n upper) 0

(+ (f n) (loop (+ n 1)))))

(loop lower)

))

(define one-to-million (sigma 1 1000000))

(one-to-million (lambda (n) (* n n)))

(one-to-million (lambda (n) (+ n 2)))
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�¦	��<ÊÃº_� jþt�̧
�¦Ãºï�rÜ¼�Ð {9�ìøÍ�o�)a �<ÊÃº\�¦ &ñ
_�½+É Ãº e����

(define (sum lower upper f)

(if (> lower upper) 0

(+ (f lower) (sum (+ lower 1) upper f))

))

(define (generic-sum lower upper f larger base op inc)

(if (larger lower upper) base

(op (f lower)

(generic-sum (inc lower) upper f larger base op inc))

))

(sum 1 10 (lambda (n) n))

(sum 10 100 (lambda (n) (+ n 1)))

(generic-sum 1 10 (lambda (n) n) > -1 + (lambda (n) (+ 2 n)))

(generic-sum "a" "z" (lambda (n) n) order "" concat alpha-next)
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��6£§

1 áÔ�ÐÕªA�bç
 l��:rÂÒ¾¡§õ� �̧½+Ë (elements & compound)

2 s�2£§f±	l� (binding, delclaration, definition)

3 F�)
ü< �¦	��<ÊÃº (recursion & higher-order functions)

4 ��{9�Ü¼�Ð &ñ
o�
�l� (types & typeful programming)

5 áÔ�ÐÕªÏþ�_� >�íß� 4�¤ú̧��̧ (program complexity)

6 ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� (program correctness)
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��{9�(type)

♣
��{9�(type)�Ér áÔ�ÐÕªÏþ�s� >�íß�
���H °úכ[þt_� |9�½+Ë�̀¦ ì�rÀÓK�
"f 
���¹כ���H X< ��6 x
���H “���#Q”s���. ��{9�Ü¼�Ð ì�rÀÓ¹כ���

���H ~½Ód���Ér @/+þA áÔ�ÐÕªÏþ��̀¦ z�́Ãº\O�s� ½̈$í

���H X< ò́õ�

&h�s���.
Type is a “language” for describing a set of values that are
used in programs. Abstracting a program as a type is an
effective method to reduce errors in writing large programs.

I ��{9�(type)�Ér ��s�×¼�� [Type is a guide]
I áÔ�ÐÕªÏþ�_� z�́'��îß����$í
�̀¦ SX����
���H [for removing

runtime errors]
I Dh�Ðî�r 7áxÀÓ_� X<s�'�°ú̀�כ¦ ½̈$í

���H [for describing a

new data structure]
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��6 x
���H ��{9�[þt(types)

τ ::= ι primitive type
| τ × τ pair(product) type
| τ + τ or(sum) type
| τ → τ ftn type, single param
| τ ∗ · · · ∗ τ → τ ftn type, multi params
| > any type
| t user-defined type’s name
| τ t user-defined type’s name, with param

ι ::= int | real | bool | string | symbol | unit



SNU 4190.210 c©Kwangkeun Yi

�¦	��<ÊÃº ��{9� [higher-order types]

�¦	��<ÊÃº ��{9� \V:

int ∗ int ∗ (int→ int)→ int
(real→ real)→ (real→ real)
int ∗ (int→ int)→ int
int→ (int→ int)→ int
int× (int→ int)→ int
(int→ int)→ int list→ int
(int→ int)× int list→ int
money→ (year→ car list)
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E

:B

E ′

:τ

E ′′

:τ

)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′

:τ

E ′′

:τ

)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′

:τ

)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′



SNU 4190.210 c©Kwangkeun Yi

��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′) : τ

I (cdr E

:τ × τ ′

)

: τ ′
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′) : τ

I (cdr E:τ × τ ′)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′) : τ

I (cdr E:τ × τ ′) : τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E

:B

E ′

:τ

E ′′

:τ

)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′

:τ

E ′′

:τ

)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′

:τ

)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ)

: τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x

:τ

) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E

:τ ′

)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′)

: τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E

:τ ′ → τ

E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′

:τ ′

)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′)

: τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E

:τ

E ′

:τ ′

)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′)

: τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E

:τ × τ ′

)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′)

: τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′) : τ

I (cdr E

:τ × τ ′

)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′) : τ

I (cdr E:τ × τ ′)

: τ ′
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�l� [write

programs with types in mind]

I c : ι

I x : τ

I (if E:B E ′:τ E ′′:τ) : τ

I (lambda (x:τ) E:τ ′) : τ → τ ′

I x : τe���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (E:τ ′ → τ E ′:τ ′) : τ

I (cons E:τ E ′:τ ′) : τ × τ ′

I (car E:τ × τ ′) : τ

I (cdr E:τ × τ ′) : τ ′
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�l� [write

programs with types in mind]

I (let ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2:τ2 E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2:τ2 E2:τ2)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2:τ2 E2:τ2)) E:τ)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2:τ2 E2:τ2)) E:τ)
I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1

:τ1

E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2:τ2 E2:τ2)) E:τ)
I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1:τ1 E1

:τ1

) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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�l� [write

programs with types in mind]

I (let ((x1:τ1 E1:τ1) (x2:τ2 E2:τ2)) E:τ)
I x1 : τ1s��¦ x2 : τ2e���̀¦ E\�¦ ½̈$í
½+É M: l�%3�

I (letrec ((x1:τ1 E1:τ1) (x2

:τ2

E2

:τ2

)) E

:τ

)

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�

I (define x1

:τ1

E1

:τ1

) (define x2

:τ2

E2

:τ2

) E

:τ

I x1 : τ1s��¦ x2 : τ2e���̀¦ E1, E2, E\�¦ ½̈$í
½+É M: l�%3�
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��{9��̀¦ �©��©�
� 9 d���̀¦ ½̈$í

�l� [write

programs with types in mind]
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��{9�Ü¼�Ð áÔ�ÐÕªÏþ��̀¦ &ñ
o�/���íß�
�l� [Validate

a program using types]

(define (fac n)

(if (= n 0) 1

(* n (fac (- n 1)))

))

(define (fibonacci n)

(cond ((= n 0) 0)

((= n 1) 1)

(else (+ (fibonacci (- n 1))

(fibonacci (- n 2))))

))

(define (bar a b c)

(if (= b 0) c

(bar (+ a 1) (- b 1) (* a b))

))
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��{9�Ü¼�Ð áÔ�ÐÕªÏþ��̀¦ &ñ
o�/���íß�
�l� [Validate

a program using types]

{= : int * int -> bool}

{* : int * int -> int}

{- : int * int -> int}

{(define (fac {n : int})

{(if {(= {n : int} {0 : int}) : bool}

{1 : int}

{(* {n : int}

{(fac {(- {n:int} {1:int}) : int}) : int}

) : int}

) : int}

) : int -> int}
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Type checking rule for lists

--------------------

’() : τ list

a : τ
l : τ list

-----------------------

(cons a l) : τ list
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��{9�Ü¼�Ð áÔ�ÐÕªÏþ��̀¦ &ñ
o�/���íß�
�l� [Validate

a program using types]

(define (map-reduce f l op init)

(reduce (map f l) op init))

(define (map f l)

(if (null? l) ’()

(cons (f (car l)) (map f (cdr l)))

))

(define (reduce l op init)

(if (null? l) init

(op (car l) (reduce (cdr l) op init))

))

(define (word-count pages) (map-reduce wc pages + 0))

(define (make-dictionary pages)

(map-reduce mw (words pages) merge ()))
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��6£§

1 áÔ�ÐÕªA�bç
 l��:rÂÒ¾¡§õ� �̧½+Ë (elements & compound)

2 s�2£§f±	l� (binding, delclaration, definition)

3 F�)
ü< �¦	��<ÊÃº (recursion & higher-order functions)

4 ��{9�Ü¼�Ð &ñ
o�
�l� (types & typeful programming)

5 áÔ�ÐÕªÏþ�_� >�íß� 4�¤ú̧��̧ (program complexity)

6 ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� (program correctness)
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>�íß�4�¤ú̧��̧(complexity)

áÔ�ÐÕªÏþ� z�́'�� q�6 x_� 7£x��&ñ
�̧(order of growth)

I >�íß�q�6 x [cost] = r�çß�õ� Bj�̧o� [time & memory]

I 7£x��&ñ
�̧ [growth] = {9�§4� ß¼l�\� @/ô�Ç �<ÊÃº�Ð
[function on input size], éß�

I �'ad��: {9�§4�s� &�t���� ���²DG #Qb�G>� |̈ct�(asymptotic
complexity)

I “>�íß�4�¤ú̧��̧(complexity, order of growth)�� Θ(f(n))
s���”(n�Ér {9�§4�_� ß¼l�), ëß�{9� Õª 4�¤ú̧��̧�� f(n)Ü¼�Ð
�±p×¼0Au�|̈cM: [if f(n) satisfies the following]:

Θ(f(n)) : k1 × f(n) ≤ • ≤ k2 × f(n)
O(f(n)) : • ≤ k2 × f(n)
Ω(f(n)) : k1 × f(n) ≤ •

(k1, k2��H nõ� Áº�'aô�Ç �ª�_� �©�Ãº [k1, k2 are fixed constants])

I n2, 10000× n2, 3× n2 + 10000× n�Ér �̧¿º Θ(n2)
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>�íß�4�¤ú̧��̧(complexity)

áÔ�ÐÕªÏþ� z�́'�� q�6 x_� 7£x��&ñ
�̧(order of growth)

I >�íß�q�6 x [cost] = r�çß�õ� Bj�̧o� [time & memory]

I 7£x��&ñ
�̧ [growth] = {9�§4� ß¼l�\� @/ô�Ç �<ÊÃº�Ð
[function on input size], éß�

I �'ad��: {9�§4�s� &�t���� ���²DG #Qb�G>� |̈ct�(asymptotic
complexity)

I “>�íß�4�¤ú̧��̧(complexity, order of growth)�� Θ(f(n))
s���”(n�Ér {9�§4�_� ß¼l�), ëß�{9� Õª 4�¤ú̧��̧�� f(n)Ü¼�Ð
�±p×¼0Au�|̈cM: [if f(n) satisfies the following]:

Θ(f(n)) : k1 × f(n) ≤ • ≤ k2 × f(n)
O(f(n)) : • ≤ k2 × f(n)
Ω(f(n)) : k1 × f(n) ≤ •

(k1, k2��H nõ� Áº�'aô�Ç �ª�_� �©�Ãº [k1, k2 are fixed constants])

I n2, 10000× n2, 3× n2 + 10000× n�Ér �̧¿º Θ(n2)



SNU 4190.210 c©Kwangkeun Yi

>�íß�4�¤ú̧��̧(complexity)

áÔ�ÐÕªÏþ� z�́'�� q�6 x_� 7£x��&ñ
�̧(order of growth)

I >�íß�q�6 x [cost] = r�çß�õ� Bj�̧o� [time & memory]

I 7£x��&ñ
�̧ [growth] = {9�§4� ß¼l�\� @/ô�Ç �<ÊÃº�Ð
[function on input size], éß�

I �'ad��: {9�§4�s� &�t���� ���²DG #Qb�G>� |̈ct�(asymptotic
complexity)

I “>�íß�4�¤ú̧��̧(complexity, order of growth)�� Θ(f(n))
s���”(n�Ér {9�§4�_� ß¼l�), ëß�{9� Õª 4�¤ú̧��̧�� f(n)Ü¼�Ð
�±p×¼0Au�|̈cM: [if f(n) satisfies the following]:

Θ(f(n)) : k1 × f(n) ≤ • ≤ k2 × f(n)
O(f(n)) : • ≤ k2 × f(n)
Ω(f(n)) : k1 × f(n) ≤ •

(k1, k2��H nõ� Áº�'aô�Ç �ª�_� �©�Ãº [k1, k2 are fixed constants])

I n2, 10000× n2, 3× n2 + 10000× n�Ér �̧¿º Θ(n2)



SNU 4190.210 c©Kwangkeun Yi

>�íß�4�¤ú̧��̧(complexity)

áÔ�ÐÕªÏþ� z�́'�� q�6 x_� 7£x��&ñ
�̧(order of growth)

I >�íß�q�6 x [cost] = r�çß�õ� Bj�̧o� [time & memory]

I 7£x��&ñ
�̧ [growth] = {9�§4� ß¼l�\� @/ô�Ç �<ÊÃº�Ð
[function on input size], éß�

I �'ad��: {9�§4�s� &�t���� ���²DG #Qb�G>� |̈ct�(asymptotic
complexity)

I “>�íß�4�¤ú̧��̧(complexity, order of growth)�� Θ(f(n))
s���”(n�Ér {9�§4�_� ß¼l�), ëß�{9� Õª 4�¤ú̧��̧�� f(n)Ü¼�Ð
�±p×¼0Au�|̈cM: [if f(n) satisfies the following]:

Θ(f(n)) : k1 × f(n) ≤ • ≤ k2 × f(n)
O(f(n)) : • ≤ k2 × f(n)
Ω(f(n)) : k1 × f(n) ≤ •

(k1, k2��H nõ� Áº�'aô�Ç �ª�_� �©�Ãº [k1, k2 are fixed constants])

I n2, 10000× n2, 3× n2 + 10000× n�Ér �̧¿º Θ(n2)



SNU 4190.210 c©Kwangkeun Yi

>�íß�4�¤ú̧��̧(complexity)

áÔ�ÐÕªÏþ� z�́'�� q�6 x_� 7£x��&ñ
�̧(order of growth)

I >�íß�q�6 x [cost] = r�çß�õ� Bj�̧o� [time & memory]

I 7£x��&ñ
�̧ [growth] = {9�§4� ß¼l�\� @/ô�Ç �<ÊÃº�Ð
[function on input size], éß�

I �'ad��: {9�§4�s� &�t���� ���²DG #Qb�G>� |̈ct�(asymptotic
complexity)

I “>�íß�4�¤ú̧��̧(complexity, order of growth)�� Θ(f(n))
s���”(n�Ér {9�§4�_� ß¼l�), ëß�{9� Õª 4�¤ú̧��̧�� f(n)Ü¼�Ð
�±p×¼0Au�|̈cM: [if f(n) satisfies the following]:

Θ(f(n)) : k1 × f(n) ≤ • ≤ k2 × f(n)
O(f(n)) : • ≤ k2 × f(n)
Ω(f(n)) : k1 × f(n) ≤ •
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>�íß�4�¤ú̧��̧(complexity)

(pictures from Google search)
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>�íß�4�¤ú̧��̧(complexity)

I (fac n): r�çß�4�¤ú̧��̧[time complexity] Θ(n), [space
complexity]Bj�̧o�4�¤ú̧��̧ Θ(n).

I (exp b n):

I O(n)�Ð ½̈�&³��0px [yes]
I O(log n)�Ð ½̈�&³��0px [yes]

I (SAT formula):

I O(2n)�Ð ½̈�&³��0px [yes]
I O(poly(n))�Ð ½̈�&³��0px? ¾º½̈�̧�̧2£§ [not known]

I (diophantine eqn):

I O(2n)�Ð ½̈�&³��0px?
I O(nn)�Ð ½̈�&³��0px?
I Is it decidable? not known until 1970, then “no”
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>�íß�4�¤ú̧��̧(complexity)
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I O(2n)�Ð ½̈�&³��0px [yes]
I O(poly(n))�Ð ½̈�&³��0px? ¾º½̈�̧�̧2£§ [not known]

I (diophantine eqn):
I O(2n)�Ð ½̈�&³��0px?

I O(nn)�Ð ½̈�&³��0px?
I Is it decidable? not known until 1970, then “no”
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��6£§

1 áÔ�ÐÕªA�bç
 l��:rÂÒ¾¡§õ� �̧½+Ë (elements & compound)

2 s�2£§f±	l� (binding, delclaration, definition)

3 F�)
ü< �¦	��<ÊÃº (recursion & higher-order functions)

4 ��{9�Ü¼�Ð &ñ
o�
�l� (types & typeful programming)

5 áÔ�ÐÕªÏþ�_� >�íß� 4�¤ú̧��̧ (program complexity)

6 ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� (program correctness)
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ú́���H áÔ�ÐÕªÏþ����t� SX����
�l� [program

correctness]

áÔ�ÐÕªÏþ��̀¦ [�to�l����\�(static analysis) [before execution]

I ì�r$3����7£x Êê áÔ�ÐÕªÏþ� ]jØ�¦/Ø�¦r�/»1ÑF� [execute after
static analysis]

I ���Ér /BN�<Æì�r��ü< 1lx{9� [the same in other areas of
engineering]:

I l�>�/���l�//BN&ñ
/|	�»¡¤[O�>� ì�r$3����7£x Êê
]j���/[O�q�/|	�[O� [build after analysis in
mechanical/electrical/architecture enginering]

I {9��©�õ� 1lx{9� [the same in our life]:
I {9�r�/���]X�, ��ÅÒ/ÏãÎ½+Ë, 9þtXO�l��̧
I ���7£x Êê z�́'��
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4190.210\�"f��H çß�éß�ô�Ç l�Õütëß�

���7£xK��� ½+É $í
|9�[þt (properties to verify)

I ]j@/�Ð Òqt�����H��? ��1lx���7£x [well formed? automatic]

I ��{9�\� ú́�>� z�́'��|̈c �?�����	כ [well typed?]

I f��]X����7£x(Scheme, C, JavaScript, etc) [manual]
I ��1lx���7£x(ML, Scala, Haskell, Java, Python, etc)

[automatic]

I 4190.210: �½Ó�©� =åQ����H��: f��]X����7£x, q��§&h� 6 xs�
[terminate?: manual, not so hard]

I ?/�� ������H >�íß��̀¦ 
���H��: #Q�9¹¡§ [fully correct?:
very hard]
My main research topic.
You can learn some from the “Software Foundations”
course that I will teach in 2015 Fall.
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SX����: �̧��H {9�§4�\� @/K�"f &ñ
_�÷&%3���H��?

[does not crash?]

I ��{9�\� ú́�>� z�́'��|̈c ��s	כ SX�����)a �â
Äº [just need to
check whether the program is well typed]

We will learn more complex types for user-defined data
structures later.
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SX����: �½Ó�©� =åQ����H��? [always terminate?]

ÕªXO���, ëß�{9� [If]:

I ìøÍ4�¤ |̈c M: �ã¶���� >�5Åq “×�¦#Q[þt�¦” [something
“decreases”]

I Õª ×�¦#Q1pu_� “=åQs� e����”��� [the decreasing has an end].

7£¤, F�)
�<ÊÃº_� �â
Äº, ëß�{9� [For example, in a recursive
function, if]:

I F�)
  ñØ�¦���� ������� “×�¦#Q[þt�¦” [an argument
decreases at every recursive call]

I Õª ×�¦#Q1pu_� “=åQs� e����”��� [the decreases has an end].
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (fac n)

(if (= n 0) 1

(* n (fac (- n 1)))

))

I 6£§s������ &ñ
Ãºëß� {9�§4�Ü¼�Ð ~ÃÎ��H����� [if n ≥ 0],

I F�)
 ñØ�¦���� "é¶A� n�Ð�� ×�¦�¦ e���¦ “n-1” [n− 1 < n

at every recursive call],

I =åQs� e����(“(= n 0) 1”) [there is an end].
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (fibonacci n)

(cond ((= n 0) 0)

((= n 1) 1)

(else (+ (fibonacci (- n 1))

(fibonacci (- n 2))))

))
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{9�ìøÍ~½ÓZO�: =åQ����H F�)
�<ÊÃº���t� SX����
�l�

[terminate?]

��A�ü< °ú �Ér F�)
�<ÊÃº f : A→ B\�¦ Òqty��
���(w.l.o.g.)

(define (f x) · · · (f e1)· · · (f e2)· · · )

F�)
�<ÊÃº �����[þt_� |9�½+Ë A\�"f [in the set A]

I "é¶�è[þt çß�_� ×�¦#Q×¼��H í�H"f >\�¦ ¹1ÔÜ¼��, ��A�ü< °ú �Ér
[find > such that]:

I F�)
 ñØ�¦ �����d��(e1ü< e2)_� °úכs� "é¶A� �����(x)�Ð��
>���(“×�¦#Q×¼��H”), Õªo��¦ [x > e1 and x > e2]

I |9�½+Ë A\�"f >-í�H"f@/�Ð "é¶�è\�¦ ×�¦[jÄº��� �½Ó�©�
Ä»ô�Çô�Ç(well-founded) [> has no infinite decreasing chain
(i.e., well-founded) in A].
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (bar a b c)

(if (= b 0) c

(bar (+ a 1) (- b 1) (* a b))

))

I N ∗ N ∗ N\�"f ×�¦#Q×¼��H í�H"f >��H? [what is >?]

I ÕªA�"f Õª >-í�H"f�� �½Ó�©� Ä»ô�Ç���\� ��{��\�
²ú¢��H(well-founded)? [is > well-founded?]

Õª��� í�H"f >��H?
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (map-reduce f l op init)

(reduce (map f l) op init))

(define (map f l)

(if (null? l) ()

(cons (f (car l)) (map f (cdr l)))

))

(define (reduce l op init)

(if (null? l) init

(op (car l) (reduce (cdr l) op init))

))

(define (word-count pages) (map-reduce wc pages + 0))

(define (make-dictionary pages) (map-reduce mw (words pages) merge ()))
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (sum lower upper f)

(if (> lower upper) 0

(+ (f lower) (sum (+ lower 1) upper f))

))
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (sigma lower upper)

(lambda (f)

(define (loop n)

(if (> n upper) 0

(+ (f n) (loop (+ n 1)))))

(loop upper)

))
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=åQ����H F�)
�<ÊÃº���t� SX����
�l� [terminate?]

(define (ackermann m n)

(cond

((= m 0) (+ n 1))

((= n 0) (ackermann (- m 1) 1))

(else (ackermann (- m 1) (ackermann m (- n 1))))

))
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