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1 =239 7|22 53 23 (elements & compound)

3 AAL} aLAFsH (recursion & higher-order functions)
4 o=z A5t (types & typeful programming)
5 =2 e] A BEZE (program complexity)

6 Y= xZgHelx

o

3} 7] (program correctness)

SNU 4190.210 (© Kwangkeun Yi




1 =239 7| B2 53 23 (elements & compound)
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22 A0 B3 24

(primitives)

oo o W ok o

HFH (means of constructing compound)

2133} 74 2] o]l (rule of evaluation)

£ o KU oo rlo
Mo KU o rr o

BRI

SNU 4190.210 (© Kwangkeun Yi




(pictures from Google search)
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712 F 3= (primitives)

Z|EH o2 AFH. Ag(constant) BT EH.

type elements operators
N, R 0, -1, 1.2, -1.2e2 |+, *, /, =, <=,.--
B #t, #f and, or, not,:---
String "snow", "120@it" substr,

strconcat, -
Symbol | ’snow, ’12Qit eq?
Unit O

» 7|2 EFY=: N, R, B, String, Symbol

» 4138 (evaluation, semantics): -1.2e2+ —1.2 x 107,
#t= ZF += +, ’snowe “‘snow’ BHE A E S
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= o
P = FE program
E = c constant
- name
| (if E FE FE) conditional
| (cons E E) pair
| (car E) selection
| (cdr E) selection
| (lambda (z*) FE) function
| (E EY) application
» A4 A (inductive, recursive):
> TS e A2 e W
> A Qke] ]19] 9 ’i‘ua% A2/ AS
» Z3FA 2] A8l (semantics)2 o] A 71?7 O AdES

W EFof| 1 of.
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> T
> Aol A E1 Mo} AT AR
> Akl ?J%%ﬂo] 9o A&HL 43
> 25 A AF7E glow o] - E S TH(print)
)
» A9 Al 5 Z(rule of evaluation, semantics): ™ &3]
Aol
» T2 HE o] AZ oldfidfiof I =R THS
ZA S o~ &
A
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rule of evaluation, semantics)
EEERpuE

(

» o Ao

» (if F F E) 4duj:
» (cons F E) 4ul:

» (car F) 4uf:
» (cdr F) duf:

Ao

» (lambda (z*) E)

» (B E*) duj:

9.

==
T

= A ohg

chE
gJo] grofo}

29 (scope)

El
£}
=z

T X o)
~J Hi wjn
RIS

A A A
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Introduction
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Pk TET A AEFE A

AR a= ) c +, *, =, and,
substr, etc

HEY 7 x T (cons E F) (car F), (cdr FE)

Sl 7 — 7 | (lambda (x*) E) | (F E*)
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2 ©o]&A7] (binding, delclaration, definition)




o] & A! 7] (binding, declaration, definition)

ol A7]& Ful-& 45 7] (abstraction) ] 3 =F|: o]F&
A oW X o= IS E) iRl 2 o]F& A&
» o5 AL 5 Y= Y
» 22PN e F Y BEF
» o] 29 2% (scope) 7t THHH. mEtA],
- o8 AAE b5
- AR 299 BE o852 9L Begs
» o] go] B3t o v %A
» o] 59 FaH(scope)= HA E2AHH
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o8 7Zhd3st S gL S~gl=52] 20004 AE

Theorem The intersection of all addition-closed sets is

addition-closed.
Proof Let S be the intersection set. Let x and y be elements

of S. Because = and y are elements of ... hence in 5.0
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A=

! (let ((z EDT) E) x8 Ao
| (letrec ((x ENT) E) z9 AAAL

£

S

P = F Al AFA]
a

| (define z E)* E ©o]542 & A4H4
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o] & A 712] A 34 Zl(rule of evaluation,
semantics)

- (let ((x B)) E)
> (letrec ((z E)) E)
> (define x E) E

BE ARz A8 E A oby
A4 3}e] B9 o] Bolo

A (sc

): ©

—

environment 3 I ()Y 5Ex

SNU 4190.210 (© Kwangkeun Yi




o] 52 734 (scope) 9

scope of x, y

(let ((x 1) (v 2)) /scope of y
(+ (let ((y (+ x 3))) A
(let ( (= (* y 3))) // scope of

(+ xy) /

)
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o] Z A 7] + AFg3}7] 2] 43 A (semantics)

1 =
=35 &7 (environment) o] 23l g

a 1
b 2
env | (('lal) ('b2))

f (lambda (x) (+ x 1))
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o] Z A 7] + AF&3}7] 2] 43 7} A (semantics)

2} 7 (environment) &g
» 27 WE7]: o]Eo] AojAH
» 347 23} o] o] e
> 37 #7817 FEES 7 2Ud
(let ((x1) (y2)) Scope of X,y

(+ (et ((y (+ x 3)) _ Jrscopeoty
(et (- (Fy3)) A~ scoreof

+xy) |~

)
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oA 7| AR o] F3 7] A efm

> (let ((.fl?l El) (.172 EQ)) E)
» (letrec ((xy Ey) (xo Es)) E)
» (define z; F;) (define z9 Fj) FE
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A B} Z (syntactic sugar)

A2 A AT ARAAAER TS BEA B
2= gk

list, cond, let, definel AE
(llSt E*) — (COIlS )
(cond (F E') (else E")) = (if ---)

(let ((x E)) E')
(let ((x1 E7) (x9 E3)) E)
(define = E) FE’

(letrec ---)

(define x F) (define y E') E” = (letrec ---)
(define (f x) E) — (define ---)
(begin F E') — ((lambda ---) ---
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T

3 AAL} aLAFsH (recursion & higher-order functions)
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|
| ({f E E E)
|  (cons F E)

ap=1, an1=0a,+2 (n€eN)
X=1=X
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A4 &F<=(recursive function)2] A 2]

- Bew AT AR B by (HREY o)) (9?)
(define fac

(lambda (n) (if (=n 0) 1
(x n (fac (- n 1))))

))
» Qo9 S AP Bo g AH? I ZF AALto] RaE
T UE

(define x (+ 1 x))
(define K (cons 1 K))
(define Y (cons 1 (addl Y)))
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of| A|: A3sde]n], Closurez U 3s}A

LAM := (lambda (n) (if (= n 0) vy

(* n (fac (- n 1))))))

(let ((x[(+ 1 D)) (v (-2 1)))

(let ((fact (letrec ((fac LAM)

- (x (fac 0)))
fac)))

(+ (fact x) (- vy 1))))
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of| A|: A3sde]n], Closure® U s}A|

LAM := (lambda (n) (if (= n 0) vy

(let ((x @) (v (= 2 1)))
(let ((fact (letrec ((fac LAM)
- (x (fac 0)))
fac)))
(+ (fact x) (- vy 1))))

lll +1 1)
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of| A|: As)o]u] Closure® & 3}HA
LAM := (lambda (n) (if (= n 0) vy
(1f nl) x
(* n (fac (- n 1))))))
(let ((x 2) (v |[(= 2 1)))
(let ((fact (letrec ((fac LAM)
- (x (fac 0)))
fac)))
(+ (fact x) (- vy 1))))
SNU 4190.210 © Kwangkeun Yi
of| A Adde] ], Closurez ¢ U sHA
LAM := (lambda (n) (if n 0) vy
(1f nl) x
(* n (fac (- n 1))))))
(let ((x 2) (y e@))
(let ((fact (letrec ((fac LAM)
- (x (fac 0)))
fac)))
(+ (fact x) (- vy 1))))

-2
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of| A|: A8 2] u] Closurez®

LAM := (lambda (n) (if (= n 0) vy
(if (= n 1) x
(* n (fac (= n 1))))))
(let ((x 2) (y 1))

(let ((fact (letrec ((fac LAM)

(+ (fact x) (- vy 1))))

(x (fac 0)))
fac)))
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of| A|: A8 2] u]l Closurez®

LAM := (lambda

(n) (if (=n 0) y
(if (= n 1) x
(* n (fac (- n 1))))))

EO

(let ((fact |[(letrec ((fac LAM)

(+ (fact x) (- y 1)))

(x (fac 0)))
fac)))
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of| A|: A8 2] u] Closurez®

EO -
LAM := (lambda (n) (if (= n 0) vy X
(if (=n 1) x y
(* n (fac (= n 1))))))
(let ((fact o))
EO
(+ (fact x) (- y 1)))
(letrec ((fac LAM)
EO (x (fac 0)))
fac)
SNU 4190.210 © Kwangkeun Yi
U —n
of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if (= n 0) vy X
(if (=n 1) x y
(* n (fac (- n 1))))))
El EO
fac
X
(let ((fact o))
EO
(+ (fact x) (- y 1)))
(letrec ((fac LAM)
El (x (fac 0)))
fac)
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of| A|: A3sde]n], Closurez U 3s}A

EO -
LAM := (lambda (n) (if (= n 0) vy X
(if (=n 1) x y
(* n (fac (- n 1))))))
E1l EO
fac
X
(let ((fact o))
EO
(+ (fact x) (- y 1)))
(letrec ((fac
El (x (fac 0)))
fac)
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U —
of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if (= n 0) vy X
(if (=n 1) x y
(* n (fac (- n 1))))))
E1l EO
fac
X
(let ((fact o))
EO
(+ (fact x) (- y 1)))
(letrec ((fac o)
El (x (fac 0)))
fac)
‘E1|LAM
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o| A -

=

Al ol n] Closure2

EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if (=n 1) x v 1
(* n (fac (- n 1))))))
E1l EO
fac -
X _
(let ((fact e))
EO
(+ (fact x) (- y 1)))
(letrec ((fac (LAM,E1))
El (x (fac 0)))
fac)
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U —
of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if (=n 1) x v 1
(* n (fac (- n 1))))))
E1l EO
fac (LAM, E1)
(let ((fact ®)) % —
EO
(+ (fact x) (- y 1)))
(letrec (
El (x (fac 0)))
fac)
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of| A|: As)o]u] Closure® & 3}HA
EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if nl) x y 1
(* n (fac (- n 1))))))
El EO
fac (LAM, E1)
(let ((fact ®)) x ~
EO
(+ (fact x) (- y 1)))
(letrec (
El (x @))
fac)
(1] 01
SNU 4190.210 © Kwangkeun Yi
of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if n 0) y X 2
(if nl) x y 1
(* n (fac (- n 1))))))
El EO
fac (LAM, E1)
(let ((fact ®)) % ~
= 2] [E1]
(+ (fact x) (- y 1))) n_ [0
(letrec (
El (x @))
fac)
‘E1|o
(if (=n 0) ¥y
E2| (1f (= n 1) x
(* n (fac (- n 1)))))
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of| A|: As)o]u] Closure® & 3}HA

EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if (=n 1) x y 1
(* n (fac (- n 1))))))
El EO
fac (LAM, E1)
(let ((fact e)) % —
EO E2 El
(+ (fact x) (- y 1))) n_ 0
(letrec (
El (x ®))
fac)
EAE
SNU 4190.210 © Kwangkeun Yi
U -
of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if (=n 1) x v 1
(* n (fac (- n 1))))))
El EO
fac (LAM, E1)
(let ((fact e)) % —
EO E2 El
(+ (fact x) (- y 1))) n_ 0
(letrec (
El (x 1))
fac)
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of| A|: A3sde]n], Closurez U 3s}A

EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if (=n 1) x v 1
(* n (fac (- n 1))))))
El EO
fac (LAM, E1)
X 1
(let ((fact e))
EO E2 E1l
(+ (fact x) (- y 1))) n_ 0
El
fac
SNU 4190.210 © Kwangkeun Yi
of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if (=n 1) x v 1
(* n (fac (- n 1))))))
El EO
fac (LAM, E1)
X 1
(let ((fact (LAM,E1l)))
EO E2 E1l
(+ (fact x) (- y 1))) n_ 0
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o| A -

A8l ol u] Closure® ¢

LAM := (lambda (n) (if (= n 0) vy
(1f nl) x
(* n (fac (- n 1))))))
E3
(+ |(fact x)| (- v 1))
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EO -
h:4 2
vy 1
El EO
fac (LAM, E1)
X 1
E2 El
n | 0
E3 EO
fact | (LAM,E1)

A 4

218 o] u] . Closure® 3

LAM := (lambda (n) (if n 0) vy
(1f nl) x
(* n (fac
E3
(+® (-y1))
(if (=n0) y
E4| (1f (= 1) x
(* n|(fac (- n 1))P))

SNU 4190.210 (© Kwangkeun Yi

EO -
h:4 2
vy 1
E1l EO
fac (LAM, E1)
X 1
E2 El
n | 0
E3 EO
fact [ (LaM,E1)
E4 El
n | 2




o A|: A e]n], ClosureZ QL sHA
EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if nl) x y 1
(* n (fac (- n 1)))))) [£0]
El EO
fac (LAM, E1)
X 1
E3 2 £l
n |O
(+ ® (-y 1))
: E3 E0
(}f (=n 0) vy fact | (LAM,E1)
E4] (if (= n 1) x
(* n e))) (B4 [E1]
n |2
(if (=n 0) vy
ES5|(if (=n 1) x E5 E1
(* n (fac (- n 1))))) n |1
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of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if n 0) y X 2
(if nl) x y 1
(* n (fac (- n 1)))))) [£0]
El EO
fac (LAM, E1)
X 1
E3 2 £l
n |O
(+ ® (-y 1))
: E3 EO0
(}f (=n 0) vy fact [ (LaM,E1)
E4] (1f (= n 1) x
(* n1))) [E4] [EL]
n |2
ES5 El
n |1
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of| A|: As)o]u] Closure® & 3}HA
EO -
LAM := (lambda (n) (if (= n 0) y X 2
(if nl) x y 1
(* n (fac (= n 1))))))
E1l EO
fac (LAM, E1)
b4 1
B3 E2 El
0
(+2 (- y 1)) n_ |
E3 EO
fact | (LAM,E1)
E4 El
n |2
ES El
n |1
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of| A Adde] ], Closurez ¢ U sHA
EO -
LAM := (lambda (n) (if n 0) y X 2
(if nl) x y 1
(* n (fac (- n 1))))))
E1l EO
fac (LAM, E1)
b4 1
E2 [E1]
2 n |0
E3 EO
fact [ (LaM,E1)
E4 El
n |2
ES El
n |1
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(define (fac n)
(if(=n0)1
(fac 4) (* n (fac (- n 1))

ﬁ»( 4 (fac 3) )

i‘(4(

3 (* 2
=4 ("3 (2 ( 1 1))
=(* 4 (* 3 (* 2 1))

=(* 4 (* 3

=(* 4 6)

=24

(
(*
(*
2))

4 (continuation)= 7] & 3l oF
Ted AAZE 4 dHEE At
Z A7 (tail recursion) H 2t

SNU 4190.210 © Kwangkeun Yi

=2 Al A (tail recursion) H2t

(define (fac n)
(if (=n 0) 1
(* n (fac (- n 1)))
))

(define (fac n)
(define (fac-aux m r)
(if (=mO) r
(fac-aux (- m 1) (* m r))))
(fac-aux n 1))
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—24
» LS (5t) AASE HTE A
- AR TS v T B do) A A g
SNU 4190.210 @®Kwangkeun Yi
31z}~ (higher-order function)
L
b
f(n)=fla)+---+ f(b)

d _ flate) - f(@)
%f(x)— .

At =2 2ol A

» 25 A Y= +=(Scala, Python, Lua, JavaScript, Clojure,

Scheme, ML, C#, F#%)
» A= AL A EY Y
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> Tk AR
> S EAHER)E 8
> WA ()= B sV
HLo}}ﬂ
» AFH((E )= 220

> St7t ATtz

> SEFL(FR)E LTSS WS
» HagolE(F)e WA (TS wEojUn
> AFETHAR)S AFEB(TF) DS

SNU 4190.210 © Kwangkeun Yi

EO

(define (sigma lower upper)
(lambda (£f)
(define (loop n)
(if (> n upper) O
(+ (f n) (Qoop (+ n 1)))))
(loop lower)
)

(define one-to-million (sigma 1 1000000))
(one-to-million (lambda (n) (*x n n)))
(one-to-million (lambda (n) (+ n 2)))
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LrFEOR ANHE FLE RAT 5 dnt

(define (sum lower upper f)
(if (> lower upper) O
(+ (f lower) (sum (+ lower 1) upper £f))
))

(define (generic-sum lower upper f larger base op inc)
(if (larger lower upper) base
(op (f lower)
(generic-sum (inc lower) upper f larger base op it

))

(sum 1 10 (lambda (n) n))

(sum 10 100 (lambda (n) (+ n 1)))

(generic-sum 1 10 (lambda (n) n) > -1 + (lambda (n) (+ 2 n)
(generic-sum "a" "z" (lambda (n) n) order "" concat alpha-n

1c))

))
lext)
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T

4 EFYJo=Z A7 s7] (types & typeful programming)
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Bl A (type)

&
o (ope)e 22280l A of
?‘5}—5 ’%“4{’— o % EE A

= o]},
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AHG 5= B = (types)

T =1 primitive type
| TXxT pair(product) type
| T+ or(sum) type
| T ftn type, single param
| Tx---x7 — 7 ftn type, multi params
| T any type
|t user-defined type's name
| Tt user-defined type’'s name, with param

int | real | bool | string | symbol | unit
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T4 el ol

int * int % (int — int) — int
(real — real) — (real — real)
int * (int — int) — int

int — (int — int) — int

int X (int — int) — int

(int — int) — int list — int
(int — int) X int list — int
money — (year — car list)

SNU 4190.210 © Kwangkeun Yi

ebgl S gstn] g T

> T

» (if BB E'r E":7) o 7

» (lambda (z:7) E:7') - 7 — 7/
»2:THS EE AT W 71

(Er" — 7 Er) o7

(cons B E":7') « 7 x 7'

(car E:7 < 7') © 7

(

cdr E:7 < 7)o 7/
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> T
» (if BB E'r E":7) o 71
» (lambda (z:7) E:7') - 7 — 7/
» 2 TYS EE FAE o 7Y
Er — 71 ET) 7

SNU 4190.210 © Kwangkeun Yi

e 44t A T4

» (let (Cxy:1y Ei:7m) (oo Eo:10)) E:7)
> 2170 20 YS EE FAT U 7Y

» (letrec ((xy:7 Ey:71) (xo:7m Ee:1)) E:7)
» 21 : 7013 29 Y B, By, EE FAE 0 7Y

» (define xy:7 Ey:71) (define x9:7 Eo:71) E:7

> 11 :T10A 29 Y= F1, By, EE AT o 7Y

SNU 4190.210 (© Kwangkeun Yi




gog 22 Fe/dae]

(define (fac n)
(if (=n 0) 1
(* n (fac (- n 1)))
))

(define (fibonacci n)
(cond ((=n 0) 0)
(=n 1) 1)
(else (+ (fibonacci (- n 1))
(fibonacci (- n 2))))
))

(define (bar a b c)
(if (=1 0) ¢
(bar (+ a 1) (- b 1) (x a b))
))

SNU 4190.210 © Kwangkeun Yi

Elolog g2 e an/ﬁ 37

(define (map-reduce f 1 op init)
(reduce (map f 1) op init))

(define (map f 1)
(if (null? 1) O
(cons (f (car 1)) (map f (cdr 1)))
))

(define (reduce 1 op init)
(if (null? 1) init
(op (car 1) (reduce (cdr 1) op init))
)

(define (word-count pages) (map-reduce wc pages + 0))
(define (make-dictionary pages) (map-reduce mw (words

SNU 4190.210 (©Kwangkeun Yi

page




5 =230 AL BEZE (program complexity)

SNU 4190.210 © Kwangkeun Yi

=
Al 2 ] (asymptotic

> Al 2HEZ = (complexity, order of growth) 7} O(f(n))
o] t}” ( % Q) & 9 37]) ol o] 15}1—1:ﬂ.f( )_9_;
M= 22 af:

ki < f(n) < e<kyx f(n)

(k1, ko= n3} =PFa} oFe] 415
» n?, 10000 x n?, 3 x n? + 10000 X n< B O(n?)
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Al AFE-ZF & (complexity)

(pictures from Google search)

-
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b 000
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A AFE-ZF & (complexity)

» (fac n): AIZFEAE O(n), W2 E

» (exp b n):
» O(n)E FA7Fs
» O(logn)&2 T+ 75
» (sat formula):
- 022 FA}S
- O(poly(n)) 2 FAF5? =
» (diophantine eqn):
» O2ME FIAVE? 1=
- O E TAS? FTE
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T=
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off

7] (program correctness)
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» BRSOl A AdE AT
» 21 35 (Scheme, C, JavaScript, etc)
» 25 A5 (ML, Scala, Haskell, Java, Python, etc)
o

I
—<-
z_];q@z. _9._0]

SNU 4190.210 © Kwangkeun Yi

gl BE AH tisiA B EH A=717

> ERQlo] @A AWE Ao FAH 4L
> ERQlol @A AWE Ao] Folekw H
o8 TAL o83 A

SNU 4190.210 (© Kwangkeun Yi




a8}, v
» YHE 2 o) U AS “Eo]E
» I Z0]59 "Bo] It H

SNU 4190.210 © Kwangkeun Yi

SNU 4190.210 (© Kwangkeun Yi

)
> %}O
> ZH
> 20

(define (fac n)
(if (=n 0) 1

(*x n (fac (- n 1)))
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(define (fibonacci n)
(cond ((=n 0) 0)
((=n 1) 1)
(else (+ (fibonacci (- n 1))
(fibonacci (- n 2))))

))
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Qb Zrhe AR T AN A5

= v O H- ©E = !

obels} e AFATS f1 A~ BE K wlog)

(define (f =) ---(f ey)---(f ey)---)

A
%A >2 2oz} ol 2L
> AN E AR (02} )9 Fhol Fel ArH(x) R )
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> A AolA >-sAHE Ao
5}SH(finitely well-founded).
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(define (bar a b c¢)
(if (=b 0) c
(bar (+ a 1) (- b 1) (x a b))
))

» N« N*xNoJA So]== ¢A >=7
- T A 2 > A7 A fauol neto)
== (finitely well-founded)?

a8 =4 >&7
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= A7 QA &lstr)

(define (map-reduce f 1 op init)
(reduce (map f 1) op init))

(define (map f 1)
(if (null? 1) O
(cons (f (car 1)) (map f (cdr 1)))
))

(define (reduce 1 op init)
(if (null? 1) init
(op (car 1) (reduce (cdr 1) op init))
)

(define (word-count pages) (map-reduce wc pages + 0))
(define (make-dictionary pages) (map-reduce mw (words
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e U= AT AR elst]
(define (sum lower upper f)
(if (> lower upper) O
(+ (f lower) (sum (+ lower 1) upper f))
)

SNU 4190.210 © Kwangkeun Yi

Zus 7 P50 Felsh)
(define (sigma lower upper)
(lambda (f)
(define (loop n)
(if (> n upper) 0
(+ (f n) (Qoop (+ n 1)))))

(loop upper)
))
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fle,e) = 0
fd,e) = 0 (c#C)
fle,e) = e}
f(rilr,c) = f(r,c) U f(ry,c)
f(rre) = {r'r" v e f(r.c)}
flerz,e) = {m}
f(dry,e) = 0 (c#)
flera,c) = f(ryc)
f((r11T12>T27C) - f(?“ll(T12’l“2),C)
f((riy|ry)re,c) = flryr,c) U f(rym,c)
f(?“leQ,C) — f(?“Q,C) U {Tlrllj@ | r Ef(?“l,c)}
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2y += AA T2 R &2l5}7] (Ackermann
Function)

f(m,n) = n+1 ifm=20
flm,n) = f(m—1,1) if m>0andn=20
fm,n) = fm—1,f(m,n—1)) ifm>0andn >0
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