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Summary

We introduce two abstract notions of equational algebraic system, called Equational Sys-
tem (ES) and Term Equational System (TES), in order to achieve sufficient expressivity
as needed in modern applications in computer science. These generalize the classical con-
cept of (enriched) algebraic theory of |[Kelly and Power| [1993]. We also develop a theory
for constructing free algebras for ESs and a theory of equational reasoning for TESs.

In Part [, we introduce the general abstract, yet practical, concept of equational sys-
tem and develop finitary and transfinitary conditions under which we give an explicit
construction of free algebras for ESs. This free construction extends the well-known
construction of free algebras for w-cocontinuous endofunctors to an equational setting,
capturing the intuition that free algebras consist of freely constructed terms quotiented
by given equations and congruence rules. We further show the monadicity and cocom-
pleteness of categories of algebras for ESs under the finitary and transfinitary conditions.
To illustrate the expressivity of equational systems, we exhibit various examples including
two modern applications, the ¥-monoids of [Fiore et al. [1999] and the w-algebras of |Stark
[2005].

In Part [T, we introduce the more concrete notion of term equational system, which
is obtained by specializing the concept of equational system, but remains more general
than that of enriched algebraic theory. We first develop a sound logical deduction system,
called Term Equational Logic (TEL), for equational reasoning about algebras of TESs.
Then, to pursue a complete logic, we give an internal completeness result, from which
together with the explicit construction of free algebras one can typically synthesize sound
and complete rewriting-style equational logics. To exemplify this scenario, we give two
applications: multi-sorted algebraic theories and nominal equational theories of |Clouston
and Pitts [2007] and of Gabbay and Mathijssen| [2007].
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Chapter 1

Introduction

Algebraic structures satisfying equational constraints commonly arise in theoretical com-
puter science. For instance, in the algebraic specification of abstract data types |Goguen
et al.||[1978|, the algebraic treatment of computational effects [Plotkin and Power| 2003,
2004], and the algebraic modeling of the m-calculus [Stark/[2005, 2008]. For such algebras,
one is often interested in properties such as the existence of free algebras and equational
reasoning about them.

Algebraic theories (see e.g. [Wraith||1975]) are a classical framework for defining equa-
tional algebras that enjoy the aforementioned properties: free algebras for every algebraic
theory exist and there is a sound and complete equational logic for reasoning about them.
These algebraic theories are restricted to a set-theoretic notion of algebra. To overcome
this the notion of enriched algebraic theory was introduced by Kelly and Power| [1993].
While this generalizes the classical notion of algebraic theory into enriched settings and
admits algebras based on other categories as well as the category Set of sets and func-
tions, it lacks an equational logic for reasoning about algebraic structures. Furthermore,
enriched algebraic theories are not expressive enough to directly accommodate several
recent applications: Y-monoids |Fiore et al.[1999], m-algebras [Stark|/[2005] and nominal
equational theories [Clouston and Pitts|2007].

This thesis overcomes these problems. Firstly, we propose an abstract notion of alge-
braic equational system, called Equational System (ES). ESs, being abstract and general,
can accommodate the above recent applications as well as enriched algebraic theories.
We develop sufficient conditions for the existence of free algebras for ESs and an explicit
construction of them under these conditions. Secondly, we propose a more concrete no-
tion of algebraic equational system, called Term Equational System (TES), for which we
study a general theory of equational reasoning. TESs are obtained by specializing ESs,
but remain more general than enriched algebraic theories in expressivity. Thus, they
enjoy all properties of ESs. We first develop a general sound equational logic for TESs.
Then, to pursue a complete logic, we give an internal completeness result, from which
together with the explicit construction of free algebras one can typically synthesize sound

and complete equational logics.
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1. INTRODUCTION

1.1 Background

To motivate our work, we briefly review the two classical frameworks: algebraic theories

and enriched algebraic theories.

1.1.1 Algebraic theories

An algebraic theory consists of a signature specifying the structure of its algebras and a
set of equations, called axioms, yielding equational constraints that the algebras should
satisfy. A signature is given by a set of operators O with an arity function |—| : O — N
assigning an arity to each operator. An equation of arity n for a signature is given by a
pair of terms built up from n distinct variables and the operators of the signature.

A typical example is the theory of groups G = (Xg, Eg). The signature ¥ consists
of three operators: the identity e of arity 0, the inverse i of arity 1, and the multiplication
m of arity 2. This signature specifies the algebraic structure of groups: an algebra for
the signature ¥g is a carrier set X equipped with interpretation functions [e] : 1 — X
[l : X - X, [m] : X2 — X of the three operators. The set Eg consists of equations
expressing the usual group axioms. For instance, the equation for the associativity of

multiplication has arity 3 and is given by the following two terms with variables x,y, 2:

{z,y,2} F m(m(z,y),2) = m(xz,m(y,z2)) .

This equation induces the following constraint on algebras (X, [e], [i], [m]) for ¥¢:

for all z,y, 2 € X, [m[(Im](2,y),2) = [m](z, [m](y, 2)) -

Algebras for the theory of groups G (also called G-algebras) are algebras for the signature
Y satisfying the equational constraints induced from the equations of Eg. These indeed
define the usual notion of group.

The following are well-known properties of algebraic theories T:
e free T-algebras on sets exist and their construction is explicitly described;

e the category of T-algebras is monadic over the category Set, in the sense that the
category of T-algebras is isomorphic to the category of Eilenberg-Moore algebras

for the monad induced by free T-algebras; and
e the category of T-algebras is complete and cocomplete.

Traditional computer science applications of algebraic theories include the initial al-
gebra approach to the semantics of computational languages and the specification of
abstract data types pioneered by the ADJ group |Goguen et al|[1978|, and the abstract

description of powerdomain constructions as free algebras of non-determinism advocated
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1.1. Background

by Plotkin [Hennessy and Plotkin 1979, Plotkin |1983] (see also |Abramsky and Jung
1994]).

There is a sound and complete equational logic for algebraic theories, called equa-
tional logic (see e.g. |[Birkhoff 1935, Goguen and Meseguer |1985]). The logic is sound
in the sense that any equation derived by means of the logic for an algebraic theory is
valid (i.e., satisfied by all algebras of the theory); and it is complete in the sense that
every valid equation is derivable. The logic consists of the rule Axiom stating that the
axioms of a theory are valid, and the rule Subst stating that the equality is preserved
under substitution, together with the equivalence relation rules Ref, Sym and Trans (see
Example in Section for the definition of the rules). For instance, we can deduce
the equation ) - e = i(e) as follows:

Axiom - — r — Ref —
Subst{}'_ m(x,l(x)):e. _ D-e=ce |
Sym 0+ m(e,l(e)).: e N _
T D e = m(eie)) D m(e,i(e)) = i(e)
D e=i(e)

Algebraic theories also support equational reasoning by rewriting, called Term Rewrit-
ing (see e.g. |[Baader and Nipkow|1999]), which is better adapted to mechanization. For
instance, the above equation ) - e = i(e) can be derived from the following two rewriting
steps:

e — m(ei(e)) — i(e)

where the first step is obtained from the axiom {x} - m(z,i(x)) = e by swapping the
two terms and substituting the variable z with the term e; and the second step from the

axiom {z} F m(e,z) = x by substituting the variable = with the term i (e).

Relationship with Lawvere theories and finitary monads. The notion of algebraic
theory has a strong connection to more abstract concepts of Lawvere theory [Lawvere
1963] and finitary monad.

A Lawvere theory .Z is a category with a countable set {C° C ... .C" ...} of
distinct objects such that each object C™ is the n-th power of the object C! (i.e.,
C" = C!' x ... x C' (n times)). A model of the theory .# is a product preserving
functor from .Z to Set. A homomorphism of .Z-models is a natural transformation.

It is well known that the three concepts of algebraic theory, Lawvere theory and
finitary monad on Set (i.e., monads preserving filtered colimits) are equivalent in the

following sense (see e.g. |Borceux||1994]):

e for every algebraic theory T, there exists a Lawvere theory . such that the category
of T-algebras is isomorphic to that of .Z-models;

e for every Lawvere theory £, there exists a finitary monad T on Set such that the

category of .Z-models is isomorphic to that of Eilenberg-Moore algebras for T; and
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1. INTRODUCTION

e for every finitary monad T on Set, there exists an algebraic theory T such that the

category of Eilenberg-Moore algebras for T is isomorphic to that of T-algebras.

1.1.2 Enriched algebraic theories

Kelly and Power| [1993] introduced the notion of enriched algebraic theory, which directly
generalizes that of algebraic theory into an enriched categorical setting (see [Kelly 1982]).

First, the base category is generalized from the category Set to any enriched category
¢ with suitable structure. Technically, the base category should be a locally finitely
presentable category enriched over a symmetric monoidal closed category that is locally
finitely presentable as a closed category. For the purpose of this introduction, we simply
consider symmetric monoidal closed (SMC) categories with the required structure (i.e.,
locally finite presentability as a closed category) as base categories for enriched algebraic
theories.

Given such a base category ¢ with a SMC structure (®,I,[—,=]), the notion of
arity is generalized from a natural number to a finitely presentable object in the base
category € and the new notion of coarity is given as an object in 4. The notion of
operator is accordingly generalized to have an arity and a coarity. Indeed, operators
of arity n in algebraic theories become operators of arity {1,...,n} and coarity {1} in
enriched algebraic theories based on the category Set.

A signature ¥ for an enriched algebraic theory on the base category % is given as a
set of operators with arity and coarity in . An algebra for the signature is given by a

carrier object X in the category %, equipped with an interpretation map
[o] : [A, X]®C — X

for each operator o of arity A and coarity C. The category >-Alg of algebras for the
signature ¥ is monadic over the base category % along the forgetful functor ¥-Alg — %
sending an algebra to its carrier object. Thus a monad Ty on €, called term monad, is
induced. It further carries an internal functor structure, or equivalently, a strong monad

structure with a strength
stxy : X @TgV - Te(X®Y).

The term monad Ty, admits interpretation maps TxV — [[V, X], X] for all objects V and
Y-algebras (X, {[[o] }oex), given as the transpose of the composite

1

Tx(e) Te X X

IV, X] © TV — Y po (v, X @ V)

where (X ,H : TgX — X) is the Eilenberg-Moore algebra for Ty corresponding to the

Y-algebra (X, {[o] }oex)-
A term of arity A and coarity C for a signature ¥ is defined as a morphism C' — TxA

and an equation as a pair of terms of the same arity and coarity. A Y-algebra (X, {[0] }oes)

18



1.2.  Approach and contributions

is then said to satisfy an equation t; = t5 : C' — Ty A whenever the interpretation map
Ty A — [[A, X], X] given as above coequalizes the maps t; and ts.

An enriched algebraic theory is given by a pair consisting of a signature and a set
of equations; and its algebras are algebras for the signature satisfying the equations.
Similarly for algebraic theories, each enriched algebraic theory T on a base category &

satisfies the following properties:
e the category of T-algebras is monadic over %; and
e the category of T-algebras is complete and cocomplete.

Although monadicity implies the existence of free algebras on objects in €, it does not
provide an explicit construction that captures the following usual intuition: free algebras
for a theory consist of terms built up from variables and the operators of its signature,
quotiented by the axioms of the theory. Also, no equational logic generally applicable to
enriched algebraic theories has been developed.

As for algebraic theories, the equivalence between enriched algebraic theories, enriched
Lawvere theories and finitary enriched monads holds (see [Kelly and Power| 1993] and
[Power;|1999]).

The algebraic treatment of computational effects |Plotkin and Power 2003, 2004] is an
application of enriched algebraic theories. However, as already mentioned, some recent

applications need our more general framework.

1.2 Approach and contributions

Motivated by the limitations of enriched algebraic theories, we aim to achieve the following

goals in the development of our new notion of algebraic equational system:
e increase expressiveness to accommodate recent applications;

e develop a simple and explicit construction of free algebras that directly reflects the

usual intuition; and

e provide a general sound and complete equational logic for this extended notion of

algebraic equational systems.

For these purposes, we propose two frameworks, called Equational Systems (ESs)
and Term Equational Systems (TESs). TESs generalize enriched algebraic theories and
accommodate nominal equational theories [Clouston and Pitts 2007] as instances (see
Section [8.2)). ESs further generalize TESs and accommodate m-algebras [Stark|[2005] and
Y-monoids [Fiore et al./[1999] (see Sections and [5.2). On the other hand, we develop

an explicit construction of free algebras for ESs and an equational logic for TESs.
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1. INTRODUCTION

1.2.1 Equational systems

For the purpose of expressiveness, we introduce abstract notions of signature and equation,

leading to a new concept of equational system.

Signatures as endofunctors. To motivate our general notion of signature, we quickly
discuss the difficulties in representing the concepts of ¥-monoid and of m-algebra as en-
riched algebraic theories.

A ¥-monoid consists of a carrier object X in a monoidal category (%, I, ®) with certain
algebra structure maps, one of which is the monoid multiplication [m] : X @ X — X.
However, the map is in general hard or impossible to be decomposed into a family of
maps of the form [4, X]® C — X.

On the other hand, m-algebras highlight another kind of difficulty: an enriched alge-
braic theory on a category % has to be based on a single enrichment (or SMC) structure of
%, while the theory of 7-algebras is based on two enrichments together. The base category
for m-algebras is the functor category Set! for I the (essentially small) category of finite
sets and injections. The category Set! carries the cartesian closed structure (1, X, (:)(_))
and another symmetric monoidal closed structure (1,®, (=) —o (=)). 7-algebras consist
of a carrier object X in Set! together with interpretations of the operators of the finite
m-calculus, satisfying relevant equations. Among those operators, the operator new has
an interpretation map of the form (A — X)) ® C' — X; while the others have maps of the
form X4 x C — X.

To cope with these problems, we abstractly define arities of operators as endofunctors
F on the base category %, called functorial arities. An interpretation of an operator with
functorial arity F' is given as an F-algebra (X, s) consisting of a carrier object X € &
together with an algebra structure map s : FX — X. Note that no enrichment or
monoidal structure is required on the base category &

It is clear that the interpretations of the operators discussed so far form algebras for
appropriate endofunctors. For instance, the operator m of ¥-monoid on a category % has
as functorial arity the endofunctor (=) ® (—) on %. An operator of arity A and coarity
C in an enriched algebraic theory on a category % has as functorial arity the endofunctor
[A,—]®C on %.

A functorial signature is naturally defined as a set of operators with functorial arities.
However, when the base category has coproducts, a functorial signature ¥ can be simply
represented as an operator of functorial arity [ [ ., |o[(—), where |o| denotes the functorial
arity of an operator o, because their interpretations are equivalent. As we will mainly
consider cocomplete base categories, we simply define a functorial signature as a single

functorial arity, i.e., an endofunctor on a base category.

Equations as parallel pairs of functors. We propose a notion of equation which

is at the same level of abstraction as functorial signature. To motivate it, consider the
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1.2.  Approach and contributions

associativity axiom for the operator m of ¥-monoids, given as the commutativity of the

following diagram:

(XoX)oX 2 yo (X ox) A v o x

l[[m]]@@X J[[m]]
[m]

X®X X

We can simply view this as follows. Given an algebra [m] : X ® X — X for the functorial

signature (—) ® (—), the associativity axiom induces a pair of algebras

XoX)oX 2 yoxXox) A yox M, x|

[m[®X [m]

(XeoX)®X XX—X

for the endofunctor ((—) ® (—)) ® (=) and requires that the two algebras coincide. In
this view, an equation for a functorial signature ¥ on % is given by an endofunctor I' on
% —seen as its arity—and a pair of functors L, R : X-Alg — I'-Alg. Furthermore, the
functors L, R should preserve carrier objects, meaning that Ur L = Us, and Ur R = Uy,
for the forgetful functors Uy, : 3-Alg — % and Ur : I'-Alg — ¥. We call this a functorial
equation. It is easily seen that the notion of functorial equation is general enough to
express the equations discussed so far.

To sum up, an equational system
S=(¢:X>1TFL=R)

is given by a functorial equation I' - L = R for a functorial signature > on a cate-
gory %. As mentioned above, although we defined an equational system to consist
of a single functorial equation, there is not much loss of generality because one can
encode a set of functorial equations {%¢ : ¥ > Iy F L, = R; }icr into the single
one (¢ : X0 [[ie; it [Lil;e; = [Ril;c;) whenever € has coproducts. S-algebras are
Y-algebras (X,s : ¥X — X) such that L(X,s) = R(X,s) : 'X — X and the cate-
gory S-Alg of S-algebras is the full subcategory of ¥-Alg consisting of S-algebras:

S Alg %,y Alg — 3 T-Alg

¢

Free constructions for equational systems. The main theory for equational systems
is the explicit construction of free algebras. Foran ESS = (¢ : ¥ > I' = L = R), since the
forgetful functor Us decomposes as the composite Uy, Js as shown in the above diagram,

the construction of free S-algebras on objects in € can be considered in two stages:

(i) the construction of free ¥-algebras on objects in ¢, and
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1. INTRODUCTION

(77) the construction of free S-algebras over X-algebras.

The construction (7) is well established in the literature (see e.g. [Addmek |[1974]). For
a cocomplete category ¥ and an endofunctor ¥ on % preserving colimits of w-chains,
a free Y-algebra on an object X in % has as carrier the colimit Ty X of the w-chain
{en: Xsy = Xyi1 }n>o defined by setting Xog = 0 and X113 = X+XX,;andey =!:0 — X,
and e, 1 =idx + Xe, : X + XX, = X + XX, 1, where 0 denotes an initial object and !

the unique map.

00— X+ 350 X 4 S(X £ 50) ——seeee L TeX (1.1)

Intuitively this captures the construction of freely generated terms with operators from
Y and variables from X.

Our contribution is the development of the construction (i7). We give sufficient condi-
tions for the existence of free S-algebras over X-algebras and provide an explicit construc-
tion of the free algebras under the conditions. Among those conditions, the following are

the most important.

o (k-finitary) The category % is cocomplete and the endofunctors 3 and I" preserve

colimits of k-chains for some infinite limit ordinal .

o (k-inductive) The ES S is k-finitary and additionally the endofunctors ¥ and I’

preserve epimorphisms.

We can construct free algebras in k x k steps for s-finitary ESs, but in x steps for

r-inductive ESs. For instance, for an w-inductive equational system
S=(¢:2>TFL=R),
the free S-algebra (X,3) over a Y-algebra (X, s) is constructed as follows:

o l\ \ \ T

FX X coeq T A1 T AXpg—— —»Xg X

where the map ¢q is a coequalizer of L(X,s), R(X, s), the map sy is the composite ¢g o s,
and the cospan (S,11,¢n+1) is a pushout of (Xg,,s,) for all n > 0; and where X is a
colimit of the w-chain { g, }»>0 and, as ¥ preserves the colimit, s is the unique mediating
map from the colimit X of the chain {2¢, }n>0. Intuitively the map ¢y captures the
construction of quotienting X by the equation L = R, and the maps { ¢, },>1 capture
that of iteratively quotienting it by congruence rules for the operators of X.

For k-finitary /k-inductive equational systems S, the following properties hold:

e the category S-Alg of S-algebras is monadic over %’; and
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e the category S-Alg of S-algebras is cocomplete.

As every enriched algebraic theory induces an equivalent w-finitary equational system
(see Section [2.5)), the properties of enriched algebraic theories discussed in Section m

follow as corollary from the above properties of w-finitary equational systems.

Advantages of equational systems. Besides their expressivity, equational systems

have further benefits over enriched algebraic theories.

e The locally finite presentability is not required for base categories. Examples of
cocomplete but not locally finitely presentable categories include the category of
topological spaces, the category of directed-complete posets, and the category of

complete semilattices.

e The concept of equational system is straightforwardly dualizable: an equational
cosystem on a category is simply an equational system on the opposite category.

Thus, for instance, comonoids in a monoidal category arise as coalgebras for an
equational cosystem. (See Sections [2.4] and [2.5])

On the other hand, the price paid for all this generality is that the important connec-
tion between enriched algebraic theories and enriched Lawvere theories [Power [1999] is

lost for equational systems.

1.2.2 Term equational systems

The notion of equational system is so general that it is hard to develop an equational logic
for it. Thus we give a more concrete notion of algebraic equational system, called Term
Equational System (TES), and study equational reasoning for TESs (see Section for
the relation of TES to ES). The notion of TES is still more general than that of enriched
algebraic theories, in the sense that every enriched algebraic theory can be expressed as
a TES.

Term equational system. The notion of TES generalizes that of enriched algebraic

theory as follows.

e (Base category) By removing the locally finite presentability condition from en-
riched algebraic theories, we define a base category for a TES to be a tensored and
cotensored category enriched over a symmetric monoidal closed category. Indeed,
this notion is further generalized to a bi-closed action of a monoidal category (see
Section [6.1| for definition). Typical examples are symmetric monoidal closed (SMC)
categories, as they are bi-closed monoidal actions of themselves. For the purpose of
this introduction, we simply consider SMC categories as base categories for TESs.

However, note that the general notion of base category as a bi-closed action of a
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monoidal category is indispensable to accommodate multi-sorted theories (see Sec-

tion .

e (Signature) Recall that every signature 3 for an enriched algebraic theory induces
a strong monad Ty on its base category, and that the category of algebras for
the signature 3 is isomorphic to the category of Eilenberg-Moore algebras for the
monad Ty. Thus, we generally define a signature for a TES as a strong monad on
its base category and an algebra for the signature as an Eilenberg-Moore algebra
for the monad.

e (Equation) An equation for a TES is defined essentially in the same way as that
for an enriched algebraic theory. An equation of arity A and coarity C for a strong
monad (T,st) is given by a pair of morphisms ¢;,%, : C' — TA and an Eilenberg-
Moore algebra (X, s : TX — X) satisfies it if the following diagram commutes:

[AX]®t stia,x],A4 T(e) s
[A,X]@Cﬁ; [A, X]®@ TA T([A, X]® A) TX — X .
X ®t2
In summary, a TES
S = ((%7 ®,1, [_7 :])’ <T> St), E)
is given by a SMC category (¢, ®, I,[—,=]), a strong monad T on % with strength st,

and a set E of equations. An S-algebra is given by an Eilenberg-Moore algebra for the

monad T satisfying the equations in E.

Equational reasoning by deduction. We present a sound deduction system, called
Term Equational Logic (TEL), for deriving valid equations for TESs. The logic consists
of

the rules Ref, Sym, Trans of equivalence relations;

the rule Axiom stating that the axioms of a given theory are valid;

the rule Subst stating that substitution is a congruence;

the rule Ext stating that an operation of context extension is a congruence; and

the rule Local expressing the local character of entailment.

The formal definition of TEL is given in Section [7.1.1}

Then we prove the soundness of TEL: every equation derived from the axioms of a
TES S by means of TEL is satisfied by all S-algebras. However, we do not have a general

completeness result—the converse of soundness—for TEL.
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Equational reasoning by rewriting. We pursue a complete rewriting logic. First of

all, we establish a result that simplifies the validity condition of an equation as follows:

For a TES S that admits free algebras, an equation u = v : C' — TA is satisfied by
all S-algebras if and only if it is satisfied by the free S-algebra on the object A.

We call this theorem the internal completeness of TESs.

As every TES induces an equivalent ES, from the theory developed for ESs we obtain
sufficient conditions for the existence of free algebras for TESs and further an explicit
construction of them. For instance, a TES S = (¢, T, F) is said to be k-inductive for an

infinite limit ordinal « if
e the base category % is cocomplete,
e the monad T preserves epimorphisms and colimits of x-chains, and

e cvery equation C' — TA in E has projective and k-compact arity, meaning that the

endofunctor [A, —] on € preserves epimorphisms and colimits of k-chains.

Indeed, k-inductive TESs induce x-inductive ESs and thus free algebras for x-inductive
TESs are constructed in x steps. If the signature of an w-inductive TES arises as a free
monad Ty on an endofunctor ¥ preserving epimorphisms and colimits of w-chains, then
free algebras for the TES are inductively constructed as in followed by (1.2).

Although we do not yet have a general complete logic for TESs, as we shall see through
the applications of Chapter [§] for concrete instances of w-inductive TESs one may directly
extract a sound and complete logic from the inductive construction of free algebras using
the internal completeness result. Furthermore, as the construction quotients the
carrier object by axioms and congruence rules, the extracted complete logic only consists
of an axiom rule and a congruence rule together with equivalence relation rules. An
advantage of having only those rules is that it supports equational reasoning by rewriting,
which is well suited for mechanization.

One may either establish the completeness of the TEL associated to such TESs by
turning each rewrite step u — v of the extracted complete logic into a proof of the

equation u = v in TEL, or get insight into how to extend it to make it complete.

Applications. We advocate the following general methodology for developing term

equational systems and logics.

1. Select a cocomplete SMC category ¥ as a base category and consider within it a
notion of signature such that every signature > gives rise to a strong monad Ty

on % preserving epimorphisms and colimits of w-chains.

2. Select a class of arities A and coarities C' such that the arities A are projective and

w-compact, and give a syntactic description of morphisms C' — Ty A. This yields a
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syntactic notion of equational theory with an associated model theory arising from

that of the underlying term equational system.

3. Synthesize a deduction system for equational reasoning on syntactic terms with
rules arising as syntactic counterparts of the rules from the term equational logic
associated to the underlying term equational system. By construction, soundness

will be guaranteed.

4. In view of the internal completeness result, analyze the inductive construction of
free algebras to synthesize a complete equational logic by rewriting. This complete
logic may be used to show the completeness of the above equational logic arising
from TEL.

Existing equational theories that arise as TESs and for which we can develop equa-

tional logics following the above methodology include

algebraic theories (see e.g. [Wraith/|1975]),

nominal equational theories |Clouston and Pitts|2007, (Gabbay and Mathijssen|2007],

binding term equational theories [Hamanaj2003],

second-order algebraic theories [Fiore [2008]; and

multi-sorted versions of the above.

This methodology in the cartesian closed category Set with the term monad Ty
induced from a signature ¥ for algebraic theories, and equations of arity {1,...,n} and
coarity {1} for n € N leads to the equational logic and the term rewriting system for
algebraic theories. (See the running example of Chapters @ and )

The methodology for multi-sorted algebraic theories is more interesting. |(Goguen and
Meseguer| [1985] pointed out that a naive generalization of equational reasoning by rewrit-
ing for single-sorted algebraic theories is not sound for multi-sorted algebraic theories, and
proposed a sound and complete equational logic by deduction for multi-sorted algebraic
theories. Indeed, the equational logic of Goguen and Meseguer arises as TEL for multi-
sorted algebraic theories. Furthermore, the complete logic extracted from the construction
of free algebras fixes the naive equational reasoning by rewriting and gives a sound and
complete rewriting-style logic. (See Section |8.1})

The methodology applied within the category Nom of nominal sets (which is equiva-
lent to the Schanuel topos) gives rise to equational logics for nominal equational theories.
The equational logic arising from the term equational logic is equivalent to the nominal
equational logics of |Clouston and Pitts| [2007] and of |(Gabbay and Mathijssen| [2007]. In-
terestingly, the notion of nominal rewriting |Fernandez et al.|[2004, Fernandez and Gabbay
2007]—seen as an equational logic—is sound, but not complete with respect to the model

theory of nominal equational theories. However, the rewriting-style logic extracted from
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the construction of free algebras gives rise to a sound and complete rewriting system for
nominal equational theories. (See Section [8.2])

A similar development can be carried out in the category Set!, for I the category of
finite sets and injections, and this leads to the binding term equational logic and rewriting
system of Hamana [2003]. Although the original formulations of nominal equational logic
and of binding term equational logic look quite different, one can easily see that they
are closely related by viewing them as TESs based on Nom and its supercategory Set!.
More specifically, the equational logics synthesized by the above methodology applied in
the categories Nom and Set” are identical except that the logic based on Nom has one
more inference rule reflecting the difference between Nom and Set'. (See Section m
for discussion.)

Application of the methodology in the context of second-order abstract syntax as
developed in [Fiore 2008] to synthesize an equational logic for second-order algebraic
theories is briefly discussed in Section [9.3] This will be further investigated with Fiore
and published elsewhere.

1.3 Synopsis

This thesis is split into two parts. We develop the concept of equational system and
its associated theory in the first part and the concept of term equational system and its

associated theory in the second part.

Part [I. Equational Systems and Free Constructions.

Chapter 2 Equational systems. We motivate and define the notions of functorial
signature and equation that lead to the concept of equational system, and its model
theory. We also introduce variants of equational system: monadic equational sys-
tem and equational cosystem. The chapter concludes with various examples of

equational system illustrating its expressivity.

Chapter [3; Theory of inductive equational systems. We present a simple condi-
tion, called inductiveness, under which an inductive construction of free algebras
for equational systems is given. Under this condition, categories of algebras for
equational systems are also shown to be cocomplete and monadic over their base

categories.

Chapter [4: General theory of equational systems. We present more general con-
ditions under which transfinite inductive constructions of free algebras for equational
systems are given. Under these conditions, categories of algebras for equational sys-

tems are also shown to be cocomplete and monadic over their base categories.
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Chapter 5} Applications. This chapter illustrates the theory of equational systems
with two sample modern applications: (i) m-calculus algebras of Stark| [2005, 2008|
and (ii) binding algebras with substitution structure of [Fiore et al.| [1999].

Part [II. Term Equational Systems and Equational Reasoning.

Chapter [6 Term equational systems. We review the notion of action of a monoidal
category (see e.g. |Janelidze and Kelly |2001]), which is used throughout Part
Then we motivate and define the notion of term equational system and its model

theory.

Chapter [T} Equational reasoning for term equational systems. A sound equational
deduction system, called term equational logic, is proposed to reason about algebras
for term equational systems. We also provide an internal completeness result and
illustrate by an example that the internal completeness together with the inductive
construction of free algebras developed in Chapter |3| may be used to synthesize a

sound and complete rewriting-style equational logic for term equational systems.

Chapter [8: Applications. As substantial case studies, we derive complete deductive
and rewriting-style equational logics for multi-sorted algebraic theories and nominal
equational theories of (Clouston and Pitts| [2007] from our mathematical theory of

term equational systems

The thesis concludes, in Chapter [9] with a brief summary and a discussion of related work

and further research directions.

1.3.1 Published work

This thesis is largely based on the following articles written by the author with M. Fiore.
e Equational systems and free constructions [Fiore and Hur/[2007].
e Term equational systems and logics [Fiore and Hur|2008|.

e On the construction of free algebras for equational systems |Fiore and Hur
2009].

Part |I| is based on [Fiore and Hur{[2009], which is a expanded version of |[Fiore and Hur
2007]. Part [lI]is based on [Fiore and Hur|2008], but has been significantly expanded.
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Chapter 2
Equational systems

We introduce a general abstract notion of system of equations, called equational sys-
tem (ES), and its model theory. To motivate our definition of equational system, we
start by reviewing the classical concept of algebraic theory (see e.g. [Wraith/|1975| Crole
1994]) in Section 2.1} An algebraic theory is a system of terms and equations, given by
a signature defining its operators and a set of equations describing the axioms that it

should obey.
In Section [2.2] we define equational systems and their models. Generalizing the no-

tion of signature for algebraic theories, we consider an endofunctor on a category as our
abstract notion of signature, called functorial signature. The notion of term in context for
a signature of an algebraic theory generalizes to that of functorial term in functorial con-
text for a functorial signature. As usual, a pair of functorial terms in the same functorial
context defines a functorial equation. An equational system is then given by a functorial
signature conceptually defining its operators, and a functorial equation conceptually de-
scribing the axioms that it should satisfy. Models for equational systems naturally arise
as algebras for their functorial signatures satisfying their functorial equations.

We introduce a notion of monadic equational system, which is a variant of equational
system taking a monad as signature, and show that those systems can be turned into equa-
tional systems in such a way that models are preserved (see Section . In particular,
term equational systems of Part [[I| are represented as monadic equational systems. Also,
the dual notion of equational system, called equational cosystem, is discussed (see Sec-

tion [2.4). Finally, we present various examples, showing the expressiveness of equational

systems (see Section .

2.1 Algebraic theories

We briefly review the classical concept of algebraic theory, and its model theory.
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2.1.1 Signatures and equations

An algebraic theory consists of an algebraic signature, which specifies the operators al-

lowed in the theory, and a set of equations, describing the axioms of the theory.

Definition 2.1.1. An algebraic signature, or just signature, ¥ = (O, |—]) is given by a

set of operators O together with a function |—| : O — N giving an arity to each operator.

Given a signature X specifying a set of operators, we can consider the notion of term
on a set of variables V' as follows: the set Tx(V') of terms on V is built up from the

variables and the operators of X by the following grammar
teTs(V) == v | oty,...,tx)

where v € V', o is an operator of arity k, and t; € Ts(V) for i = 1,... k. An equation
on a set V for a signature X, written ¥ > V [ = r, is simply defined as a pair of terms
l,r e TE(V>

Definition 2.1.2. An algebraic theory T = (X, F) is given by a signature ¥ together

with a set /' of equations on finite sets.

We remark that the restriction that all equations of algebraic theories are on finite sets
is without loss of generality. Indeed, every equation X > V [ = r can be turned into the
equation ¥ > Var(l,r) I = r on the finite set Var(l,7) C V consisting of the variables
appearing in the terms [ or r, in such a way that its model theoretic meaning is preserved.
More precisely, using the notion of satisfaction to be introduced below, we have that a
Y-algebra satisfies ¥ > V [ = r if and only if it satisfies X > Var(l,r) F Il =1.

Example 2.1.3. As a running example, we consider the theory of groups G = (3¢, Eg)-
The signature g consists of three operators: e of arity 0, i of arity 1, and m of arity 2,
respectively corresponding to the three group operations: the identity, the inverse, and the
multiplication. The set of equations Eg consists of the following equations representing

the following group axioms:

X D> {z} F m(z,e) = x

Xg D> {z} F m(z,i(z)) =

X D> {z} F m(i(z), z) e

¢ > {zy 2z} F m(m(z,y),z) = m(z,m(y,z)).

2.1.2 Model theory

We now turn to the notion of model, called algebra, for algebraic theories.

Definition 2.1.4. An algebra for a signature ¥ is a pair (X, [—]) consisting of a carrier

set X together with interpretation functions [o] : X!°l — X for each operator o in X.
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A homomorphism of algebras for ¥ from (X, [~]) to (Y,[~]’) is a function h : X — Y
between their carrier sets that commutes with the interpretation of each operator; that
is, such that h([o](z1,...,zx)) = [o] (h(x1),...,h(xy)) for all o1,... 2, € X. Algebras

and homomorphisms form the category X-Alg of algebras for the signature 3.

By structural induction, such an algebra (X, [—]) induces interpretations [¢t] : XV — X
of terms t € Tx (V) as follows:

XV X for t=veV

= ([ead ItwD) [o] (2.1)
XV XF X for t=o(ty,...,t) .

A Y-algebra (X, [—]) is said to satisfy an equation X > V' [ = r whenever the interpre-

tations of the terms [ and r coincide, i.e., [I]Z = [r]Z for all # € XV.

Definition 2.1.5. An algebra for a theory T = (X, E) is an algebra for the signature 3
that satisfies every equation in E. The category T-Alg of algebras for the theory T is the
full subcategory of ¥-Alg consisting of the algebras for T.

Example 2.1.6 (continued). An algebra for the theory G is a set G equipped with
operations [e] : 1 — G, [i] : G — G, [m] : G* — G satisfying the equations in Eg:

VreG [ml(z,[el0) = =,

VreG [m](z, [1(=)) = [elO
Vred [mI([](z),z) = T[elO,
Ve,y,z€ G [m]([m](z,y),2) = [m](z,[m](y,2)) .

This clearly defines a group in the usual sense. Also, homomorphisms between algebras
for G coincide with group homomorphisms. Thus it follows that the category of algebras

for G is (isomorphic to) the category of groups.

2.2 Equational systems

Generalizing the notions of signature, term and equation for algebraic theories, we develop
abstract notions of signature, term and equation that lead to the concept of equational

system.

2.2.1 Functorial signatures

We recall the well-known notion of algebra for an endofunctor and see how it generalizes
that of algebra for an algebraic signature. This observation leads us to take endofunctors

as our abstract notion of signature.
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Definition 2.2.1 (Algebra for an endofunctor). An algebra for an endofunctor ¥, or
simply a X-algebra, on a category % is a pair (X,s) consisting of a carrier object X
in € together with a structure map s : XX — X. A homomorphism of Y-algebras
(X,s) — (Y,t)isamap h : X — Y in & such that hos = t o ¥h. X-algebras and
homomorphisms form the category ¥-Alg, and the forgetful functor Us : ¥-Alg — €
maps a Y-algebra (X, s) to its carrier object X.

Notation 2.2.2. For a Y-algebra A, we use the notation |A| for its carrier object and the

notation A®: X|A| — |A] for its structure map; that is,
A= (|A], A%).

As it is well-known, every algebraic signature can be turned into an endofunctor on
the category Set of sets and functions preserving its algebras. Indeed, for a signature 3,

one defines the corresponding endofunctor Fy by

FZ(X> - HX‘Olv
oEX
so that »-Alg and Fy-Alg are isomorphic. In this view, we will henceforth take endo-

functors as a general abstract notion of signature.

Definition 2.2.3 (Functorial signature). A functorial signature on a category is an endo-

functor on it.

Example 2.2.4 (continued). For the theory G of groups, the functorial signature Fy_ on
Set is defined by
Fo (X)=1+X+ X?*.

As an Fy-algebra is given by (X, [[e], [i],[m]] : 1 + X + X* — X), the notion of

Fy,-algebra is equivalent to that of algebra for the algebraic signature .

2.2.2 Functorial terms and equations

We motivate and present abstract notions of term and equation for functorial signatures.

Let t € T%(V) be a term on a set of variables V' for a signature . Recall from the
previous section that for every Y-algebra (X, [—]), the term ¢ gives an interpretation
function [t] : XV — X. Thus, writing I'y for the endofunctor (—)" on Set, the term ¢
determines a function ¢ assigning to a Y-algebra (X, [—]) the I'y-algebra (X, [¢t]). Note
that the function ¢ does not only preserve carrier objects but, furthermore, by the unifor-
mity of the interpretation of terms, satisfies that a ¥-homomorphism (X, [-]) — (Y, [-]")
is also a I'y-homomorphism (X, [t]) — (Y, [t]'). In other words, the function 7 extends
to a functor »-Alg — I'y-Alg over Set, i.e., a functor preserving carrier objects and
homomorphisms. These considerations lead us to define an abstract notion of term in

context as follows.
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Definition 2.2.5 (Functorial term and equation). A functorial term T in a functorial
context T" for a functorial signature > on a category %, denoted ¢ : X > I' = T, is given
by an endofunctor I' on % and a functor 7" : ¥-Alg — I'-Alg over %; that is, a functor
such that Up o T = Us. A functorial equation € : X > '+ L = R is a pair of functorial

terms L and R in the same context I'.

Example 2.2.6 (continued). The equations of the theory G of groups induce the following

functorial equations for the functorial signature Fy:

Set : Iy, [{z}] + [m(z,e)] =[]
Set : Iy, B {z}] F  [m(z,i@)] = [e]
Set : Iy, {z}] £ [m(i(z),2)] =[]
Set: Iy, > [{w,y,2}] F [m(m(z,y),2)] = [m(z,m(y,2))]

where the functorial contexts are defined by setting, for every X € Set,

{z}] (X) = X, [z, 23] (X) = X°

and where the functorial terms are defined by setting,

for every Fy-algebra (X, [[e], [i],[m]] : 1 + X + X? — X)),

[m(e.e)] (X, [[e]. [ [m]]) = (. X S e )
[] (X, [[e], [, [m]) = (X, X X)
[m(z, )] (X [[e] B [m]]) = (X, X =200 x2 s x)
[mi(), )] (X, [[e], [, [m]) = (X, X Ty Iy
le] (X, [[e], [1,[m])) = (X, X ol X)
[m(m(z,y),2)] (X, [[e], [1,[m]) = (x, xedmommhmd oy Il
[m(z, m(y, )] (X, [[e], [, [m]) = (X, x32elmltmmil vy I

where the map !y : X — 1 is the unique map to the terminal object 1.

As we have seen from the example of the theory of groups, the intuitions behind

functorial signatures, contexts and terms are summarised as follows.

e A functorial signature X represents a set of operators, and a ¥-algebra (X, s : ¥.X — X)

gives interpretations to the operators.

e A functorial context I' represents a set of variables and the object I'X consists of

all valuations of the variables in X.

35



2. EQUATIONAL SYSTEMS

e A functorial term % : X > I' - T represents a term built up from the operators of 3
and the variables of I', and the functor 7" : ¥-Alg — I'-Alg amounts to the process
of evaluating the term to a value, parametrically on interpretations of the operators
and valuations of the variables.

2.2.3 Equational systems

We define equational systems, our abstract notion of system of equations.

Definition 2.2.7 (Equational system). An equational system
S=(¢:X>TFL=R)

is given by a functorial equation ¥ : ¥ > '+ L = R for a functorial signature ¥ on a

category € .

We have restricted attention to equational systems subject to a single equation. The
consideration of multi-equational systems (¢ : ¥ > {I; = L; = R; }icr) subject to
a set of equations in what follows is left to the interested reader. We remark however
that our development is typically without loss of generality; as, whenever € has [-indexed
coproducts, a multi-equational system as above can be expressed as the equational system
(€ : XD [, Ui b [Lile; = [Ril,e;) with a single equation, where the functorial context

and terms are defined by

(Hie[ FZ)(X) £ Hie[ FZ(X) )
[Lilicr(X, ) 2 (X [Li(X, 8)Lier + Lier Ti(X) — X)),
[Rilie (X, s) 2 (X [Ri(X, S)O]iEI e Ti(X) — X))

We now consider algebras for equational systems. To this end, recall that an algebra
for an algebraic signature ¥ is said to satisfy an equation ¥ > V F [ = r when the
interpretation functions associated to the terms [ and r coincide. Hence, it is natural to
say that a Y-algebra (X, s) satisfies a functorial equation ¢ : ¥ > I' = L = R whenever
L(X,s)° = R(X,s)° : TX — X. This consideration induces the following definition of

algebras for equational systems.

Definition 2.2.8 (Algebra for an equational system). An algebra for an equational system
S=(¢:X>TFL=R), orsimply an S-algebra, is a 3-algebra (X, s) satisfying the
functorial equation I' = L = R; that is, such that L(X,s)° = R(X,s)° : X — X. The
category S-Alg is the full subcategory of ¥-Alg consisting of S-algebras.

Note that the category S-Alg of S-algebras is an equalizer of L, R : 3-Alg — I'-Alg in
the large category CAT/% of locally small categories over %, i.e., the large category
with objects given by pairs (&,U : & — %) consisting of a locally small category & and a
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functor U : & — €’; and with morphisms (&,U) — (&”,U’) given by functors F': & — &”
such that U' F = U.

We now organize equational systems into a category.

Definition 2.2.9 (Category of equational systems). The category ES(%) of equational
systems on a category € has objects given by equational systems on 4 and morphisms

S — §' given by functors §’-Alg — S-Alg preserving carrier objects and homomorphisms.

Note that the category of equational systems on a category ¢ forms a full subcategory
of (CAT/%)°® through the embedding ES(%) — (CAT/%)°® sending an equational
system S to the pair (S-Alg, Us : S-Alg — %). The definition of the category of equational
systems is consistent with that for algebraic theories. Indeed, the category of algebraic
theories (see e.g. [Wraith!/[1975| Section 5], [Crole|[1994, Discussion 3.9.5]) appears as a full
subcategory of the category ES(Set) of equational systems on Set through the encoding
of algebraic theories into equational systems, to be presented in item [I] of Section [2.5
Also, the category Mnd (%) of monads on a category ¢ with binary coproducts appears
as a full subcategory of ES(%) through the encoding of monads into equational systems,
to be given in item [3] of Section [2.5

Example 2.2.10 (continued). The equational system Sg of groups is defined by

Se¢ = (Set : Fy,
> Hetl + H=d) + Hed + Hoy 2
= [m(e)] , [m(z,i(@)] , [mi(z),2)] , [m(m(z,y),2)] ]
= [ [ v lI [l Immly2)]]) .

It follows that Sg-Alg is isomorphic to the category of algebras for the theory G; that is,
the category of groups.

2.3 Monadic equational systems

We introduce a notion of monadic equational system and provide an encoding of these
systems into equational systems in such a way that models are preserved. Note that term

equational systems of Part [II| will be main examples of monadic equational systems.

Definition 2.3.1. A monadic equational system S = (¢ : T >T F L = R) is given by a
category €, a monad T = (T',n, 1) on €, an endofunctor I" on ¥, and a pair of functors
L,R:%¢T — I'-Alg preserving carrier objects and homomorphisms, for €T the category
of Eilenberg-Moore algebras of the monad T. An S-algebra is an Eilenberg-Moore algebra
(X, s) for T satisfying L(X,s)° = R(X,s)° : TX — X. The category S-Alg is the full

subcategory of €T consisting of S-algebras.
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2. EQUATIONAL SYSTEMS

When % has binary coproducts, the monadic system S can be encoded as the equa-

tional system

where I't(X) = X +TTX and, for all T-algebras (X, s),

Lr(X,s) = (X, [ sonx , soux |),
Rr(X,s) (X, [ idx , soTs ]),
L(X,s) = (X, TX % ppy MO L px sy,
R(X,s) = (X, TX ™ ppxy MO oy s Xy

One can easily see that the categories S-Alg and S-Alg coincide from the following
observations. An S-algebra is a T-algebra (X, s) satisfying (i) Lt(X,s)’ = Ryp(X,s)°
and (ii) L(X,s)" = R(X,s)". The condition (i) states that (X, s) is an Eilenberg-Moore
algebra for the monad T. For an Eilenberg-Moore algebra (X, s) € €T, the condition (i)
is equivalent to the condition L(X,s)® = R(X,s)° because L(X,s)’ = L(X,s)° and
R(X, s)<> = R(X,5)°, as indicated by the following commutative diagrams

id id
rx X rrx 2LTx rx " rrx L Tx
L(Tx,uxfl (A) lL(x,sP R(Tx,ux)ﬂ (B) JR(X@V
TX —— X TX —— X

where the diagrams (A) and (B) commute because s : T X — X is a homomorphism from
(TX,ux) to (X, s) in the category €'T.

The situation is summarised as follows:

I-Alg I'r-Alg
L||R
S-Alg = S-Algc ¢TcC T-Alg
J Jr

where Jr and J are the canonical embeddings, and we have that () Jr is an equalizer of
L, Ry; that (i) L = L Jr and R = R Jr; and that (737) J is an equalizer of L, R.

2.4 Equational cosystems

The usual notion of coalgebra for an endofunctor ¥ on a category € arises as that of
algebra for the endofunctor >°? on the opposite category €°P. Similarly, the concept
of equational system is dualized by considering an equational cosystem on % to be an
equational system on %°P. Consequently all the results we obtain for equational systems

in the subsequent chapters apply to equational cosystems in their dual versions.

The above consideration dualizes all notions for equational systems as follows.
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2.4. Equational cosystems

Definition 2.4.1. A coalgebra for an endofunctor ¥ on a category ¥ is a pair (X, s)
consisting of a carrier object X in € together with a structure map s : X — XX. A
homomorphism of Y-coalgebras (X,s) — (Y,t) is a map h : X — Y in % such that
Yhos =toh. Y-coalgebras and homomorphisms form the category ¥-CoAlg, and the
forgetful functor Us, : ¥-CoAlg — % maps a Y-coalgebra (X, s) to its carrier object X.

Notation 2.4.2. For a Y-coalgebra A, we also denote its carrier object and structure map

by |A] and A° respectively.

Definition 2.4.3. A functorial cosignature ¥ on a category % is an endofunctor on
it. A functorial coterm T in a functorial cocontext I' for the functorial cosignature X
on ¢, denoted ¥ : ¥ > I' = T, is given by an endofunctor I' on 4 and a functor
T :¥-CoAlg — I'-CoAlg such that UpoT = Us.

Definition 2.4.4. An equational cosystem S = (¢ : ¥ > I' F L = R) consists of a
category € together with a pair of functorial coterms € : ¥ >T'F Land € : X > T F R,
referred to as a functorial coequation. An S-coalgebra (X, s) is a Y-coalgebra satisfying
the equation; that is, such that L(X,s)® = R(X,s)°: X — I'X. The category S-CoAlg
is the full subcategory of ¥-CoAlg consisting of S-coalgebras, and the forgetful functor
Us : S-CoAlg — % maps S-coalgebras to their carrier objects.

Definition 2.4.5. The category ECoS(%€) of equational cosystems on a category € has
objects given by equational cosystems on % and morphisms S — §' given by functors

S-CoAlg — S-CoAlg preserving carrier objects and homomorphisms.

The relation between equational cosystems and equational systems is formalized as
follows. Every endofunctor ¥ on a category % bijectively maps to the opposite endofunctor

3°P on the opposite category €°P; and it follows that

(X-CoAlg)® = XP-Alg
(Us)®? = User . (3-CoAlg)® = X -Alg —s €°P .

Similarly, every equational cosystem S = (¢ : ¥ > [' = L = R) on a category € bijectively

maps to the opposite equational system S°? on the opposite category €°P given by
S = (€ :XP>TPE LP = RP);
and it follows that

(S-CoAlg)? = S°P-Alg
(Us)® = Usor . (S-CoAlg)® = SP-Alg — €°P .

Finally we have the following isomorphism through the above bijection between equational

cosystems on ¢ and equational systems on %°P:
(ECoS(%))” = ES(¢).

For an example of equational cosystem, see item [5] of Section [2.5
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2. EQUATIONAL SYSTEMS

2.5 Examples

We show the expressiveness of the notion of equational system by encoding various systems
of equations as equivalent equational systems in the sense that their categories of algebras

coincide.

1. The equational system St associated to an algebraic theory T = (X, F) is given by
(Set eIt Ly = RT) with

X = HOGE Xt

I'rX = H(Vl—lzr)eE XV ’
Ly(X, [Toloes) = (X, [ vrizrer) -
Rr(X, [[o]]oes) = (X7 [[r] ](Vn—lzr)eE) :

It follows that St-Alg is (isomorphic to) the category T-Alg of algebras for T.

2. Recall the notion of enriched algebraic theory from Introduction of the thesis (see Sec-
tion . Though the notion of base category for enriched algebraic theories was
considered in restricted form in Introduction, we consider it here in general form
(see |[Kelly and Power||1993, Robinson [2002]).

Consider an enriched algebraic theory T = (¢,%, F) given by a base category &
(which is a locally finitely presentable category enriched over a symmetric monoidal
closed category ¥ that is locally finitely presentable as a closed category), a sig-
nature ¥ (which is a set of operators with arities and coarities) and a set E of
equations. The equational system St associated to the enriched algebraic theory T
is given by (%6, : X1 > 't - Lt = Ry) with

YrX = HOEE with arity A, coarity C %(A> X) ®C,
e X = [Hizrer with arity A, coarity ¢ € (A, X) @ C',
Ly(X, [[o]]oex) = (X (1 ozrer) -
Re(X, [[o]loex) = (X, [[7])uzrer)

where %, denotes the underlying ordinary category of the enriched category ¥,
C(—,=) : 6o X 6o — ¥ is the hom-functor of the enriched category € and (—) ® (=) :
YV X 6y — G is the tensor of the enrichment; and where the interpretation map [¢]
of a term ¢ : C'— TxA for a Yp-algebra (X, [[o] | .;) is given by the composite

[

rax)ey To(@(A,X) 0 A) =% x B x

ste(a,x),A
—

F(A,X)® C ¢ (A, X)® TsA

for (Ty, st) the strong monad induced from the signature ¥ and (X, []) the Eilenberg-
ocx)- It follows that
St-Alg is (isomorphic to) the ordinary category (T-Alg), of algebras for T.

Moore algebra for Ty, corresponding to the Yr-algebra (X, [[o] ]
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3. Eilenberg-Moore algebras for a monad T = (7,7, ) on a category ¢ with binary
coproducts can be easily turned into algebras for an equational system, as they are
algebras for the monadic equational system on € with the monad T as signature and
with no equation (technically, with a tautological equation). Thus, the equational

system St representing the monad T is given by (¢ : T > I't + Ly = Ry) with

Ipo(X) = X +TTX ,
Lyr(X,s) = (X,[ sonx , soux |),
Rr(X,s) = (X,| idy , soTs ).

It follows that Sp-Alg is (isomorphic to) the category €T of Eilenberg-Moore alge-

bras for the monad T.

4. The definition of monoid in a monoidal category (¢, ®, I, a, A, p) with binary co-
products yields the equational system Syionw) = (¢ : ¥ > I' = L = R) with

N(X) = I+ (X ®X),

I'X)=(IX)+(X®)+(X2X)®X),
L(X,[e,m]) = (X, ] Ax ; Px : mo (m® idy) D,
R(X,le,m]) = (X,[ mo(e®idx) , mo(idx ®e) , mo(idxy ®m)oaxxx |).

It follows that Syion(#)-Alg is (isomorphic to) the category of monoids and monoid

homomorphisms in €.

5. The definition of comonoid in a monoidal category (¢,®,I,a, A, p) with binary
products yields the equational cosystem Scomon(z) = (€ : £ > I'+ L = R) with

S(X) = I x (X ® X)

NX) = (IoX)x (X®I)x (X®X)®X)

LX(em) = (X,{ A . e, (meidgom ),
R(X,(e,m)) = (X,( (e®idx)om , (iddxy ®e)om , a;(’lXXO(idX@m)om ).

It follows that Scomon(#)-CoAlg is (isomorphic to) the category of comonoids and

comonoid homomorph1sms in ¢.
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Chapter 3

Theory of inductive equational

systems

In this and the next chapter, we study properties of equational systems. To motivate
the properties that we are interested in, we briefly review some well-known properties
for algebraic theories: namely, the existence of free algebras, and the monadicity and
cocompleteness of categories of algebras (see Section [3.1). Unlike for algebraic theories,
however, these properties do not hold for all equational systems and thus we seek sufficient
conditions for these properties to hold. Throughout this chapter, we concentrate on a
simple and practical condition, called inductiveness. More general conditions are studied

in the next chapter.

Definition 3.0.1. A functor is called epicontinuous if it preserves epimorphisms, and

called k-cocontinuous for an ordinal x if it preserves colimits of k-chains.

Definition 3.0.2. An equational system S = (¢ : ¥ > I' - L = R) is said to be inductive
if the category € is cocomplete and the endofunctors ¥ and I' on % are epicontinuous

and w-cocontinuous.

In Section [3.2] we present an explicit categorical construction of free algebras for
inductive equational systems which directly generalizes that for algebraic theories. More
precisely, the construction of a free S-algebra on an object V in %, for an inductive

equational system S = (¢ : ¥ > I' = L = R), captures the following intuition.

1. An object TxV, intuitively consisting of terms built up from operators in ¥ and

variables in V', is inductively constructed.

2. The object TV is first quotiented by the equation I' - L = R and then iteratively

quotiented by congruence rules for operators in X, to obtain a free S-algebra on V.

In Section we show other properties of (inductive) equational systems. For this,

we define the notion of representing monad for equational systems.
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3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

Definition 3.0.3. For an equational system S on a category % for which the forgetful
functor Us : S-Alg — % has a left adjoint, the associated monad is called the representing

monad of the system S.

This terminology is justified by the fact that the adjunction is always monadic (see Propo-
sition [3.3.4]). Then we show that, for every inductive equational system S,

e the category S-Alg of S-algebras is cocomplete and monadic over the base category;

and
e the representing monad of S is epicontinuous and w-cocontinuous.
We also show that

e the category IndES(%) of inductive equational systems on a cocomplete category €

is cocomplete.

In Section [3.4], we conclude the chapter discussing the properties of the example equa-
tional systems given in Section [2.5]in the light of the above results.

3.1 Free constructions and properties for algebraic

theories

We quickly review the well-known construction of free algebras for algebraic theories, and
some known properties of algebraic theories (see e.g. [Wraith||1975| |Crole [1994, |Pedicchio
and Tholen|2004]).

For an algebraic theory T = (X, F), the free algebra over a set of variables V' has as
carrier the quotient set 7% (V')/~, consisting of equivalence classes of terms on V' under
the relation ~p generated by the following equivalence rules, axiom rule and congruence

rule for operators:

t~p t/ t~p t ot ~E t”
Ref ———t IV Sym ————
of 77 5 y ro— Trans trp b
) (x1,.., 2, Ft=t)€EE,
Axiom ;
tH{s1/x1, ..., $n/xn} ~p t'{s1/x1,...,8,/xn} S1,...,8, €ISV
tixpt), ..., th=pt .
Cong L=F TPk e with |o| = k
O(tl,...,tk) ) O(tl,...,tk)
where t{s1/x1,...,S,/x,} denotes the term obtained by simultaneously substituting the
terms si,...,s, for the variables xy,..,z, in the term ¢. The interpretation of each

operator on the carrier set Tx(V)/~,, is given syntactically:

o] (talays -+ [te]y) = lolt,- -, )],
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3.2. Free constructions for inductive equational systems

This construction gives rise to a left adjoint to the forgetful functor Ut : T-Alg — Set

and thus to an associated monad T on Set.

Moreover, the following properties are known to hold.

1. The adjunction is monadic; i.e., the category T-Alg of algebras for the theory T is

isomorphic to the category of Eilenberg-Moore algebras for the monad T'r.
2. The category T-Alg is cocomplete.
3. The monad T is finitary; i.e., it preserves filtered colimits.

Example 3.1.1 (continued). The free algebra on a set V for the algebraic theory G of
groups is the free group generated by the set V in the usual sense (see e.g. [Hungerford
1996]). It follows that the category of groups is cocomplete and monadic over Set, and

that the free group monad on Set is finitary.

3.2 Free constructions for inductive equational

systems

We present a categorical construction of free algebras for inductive equational systems.
The construction of free algebras for an equational system S is that of a left adjoint
to the forgetful functor Us : S-Alg — ¥. Since the forgetful functor decomposes as
S-Alg—rs— ¥-Alg -Us— ¥ for ¥ the functorial signature of S, we construct a left ad-
joint to Us in two stages, as the composition of a left adjoint to Us, followed by a left
adjoint to Js. A construction for the former has already been studied in the literature
(see e.g. |[Adamek||1974] |Lehmann and Smyth 1981, Smyth and Plotkin 1982, Barr and
Wells| 1985, |Addmek and Trnkovd|/1990]) and we briefly review it in Section Thus,
in Section [3.2.3] we concentrate on obtaining a reflection to the embedding of S-Alg into
>-Alg. The construction to be developed depends on the key concepts of algebra cospan
and algebraic coequalizer, which are introduced in Section [3.2.1] In Section [3.2.4] we fur-
ther discuss the construction of free algebras for inductive monadic equational systems.

Overall, by means of Theorems [3.2.6| and [3.2.8] we establish the following theorem.

Theorem 3.2.1. For an inductive equational system S on a category €, the forgetful
functor Us : S-Alg — € has a left adjoint.

3.2.1 Algebra cospans and algebraic coequalizers

We introduce the notions of ¥-algebra cospan and of ¥-algebraic coequalizer for an endo-
functor ¥ on a category %. Also, for % cocomplete and ¥ w-cocontinuous, we provide
a construction for reflecting >-algebra cospans into ¥-algebras, which in turn yields a

construction for »-algebraic coequalizers.
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3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

Definition 3.2.2 (Algebra cospan). For an endofunctor X on a category €, a 3-algebra
cospan is a cospan of the form (Z — Z; « ¥Z). A homomorphism (h, h;) from a X-algebra

cospan (Z % 7, L ¥.Z) to another one (2’ — Z] & ¥.7") is given by a pair of morphisms
(h:Z — 7', hy: Zy — Z}) such that the following diagram commutes:

»Z
t Eh
Z i\z VA
Z/ >

Y-algebra cospans and homomorphisms form the category >-AlgCoSp.

We will henceforth regard 3-Alg as a full subcategory of 3-AlgCoSp via the embed-
ding that maps (Z,t: %2 — Z) to (Z S 7 £ £2).

Definition 3.2.3 (Algebraic coequalizer). Let ¥ be an endofunctor on a category €. By
a X-algebraic coequalizer of a parallel pair [,r : Y — Z into a 3-algebra (Z,t) we mean a

universal Y-algebra homomorphism z from (Z,t) coequalizing the parallel pair.

SZ=——x7 _ _,
~ _Sh

Y%Z;}ZQ 3w ‘u
\
w

We present a construction for reflecting Y-algebra cospans into X-algebras, i.e., a

construction of free Y-algebras on Y-algebra cospans.

Theorem 3.2.4. Let 3 be an endofunctor on a category €. If € is cocomplete and > is
w-cocontinuous then 3-Alg is a full reflective subcategory of >-AlgCoSp.

Proof. Given a Y-algebra cospan (co : Zy — Zy < X7 : tg) we inductively construct a
Y-algebra to, : Y2, — Zs as follows:

DIV/8S

Yeco Yeq Yo o
\ \ \ :H!too (3.1)
3

Zoo colim

where
® /i1 At Lo buadl Y. 7,41 is a pushout of Z,, 4 L X7, Zen, Yy, for all n > 0;

o 7 with {¢,: Z, — Z }n>0 is a colimit of the w-chain { ¢, },>0; and
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3.2. Free constructions for inductive equational systems

o t, is the mediating map from the colimiting cone { 3¢, : ¥Z,, — XZ, },>0 to the

cone { 41 0ty }n>o of the w-chain { X¢, }i>o.

We now show that the map (¢y,¢1) : (Zy — Z1 «— XZy) — (Zw i Zoo — XZ4) in

>-AlgCoSp is universal. For this, consider another map
(ho,h1) = (Zo — Zy — $Zy) — (W S W & sW)
and perform the following construction

N7y 2z, 2NN, - N7
\\

where

e for n >0, h,, . is the mediating map from the pushout Z,, .5 to W with respect to
the cone (hypy1: Zp1 = W — X711 : uo Xhy,yq); and

o h is the mediating map from the colimit Z, to W with respect to the cone { hy, },>0

of the w-chain { ¢, },>0.

As, for all n > 0, u 0 Xhy 0 3G, = hs 0ty 0 3Gy, it follows that h., is a X-algebra
homomorphism. Hence, (hg, h1) factors as (heo, hoo) © (€9, ¢1) in X-AlgCoSp.

We finally establish the uniqueness of such factorizations. Indeed, for any homomor-
phism A : (Zo, too) — (W, u) such that ho¢; = hy, it follows by induction that ho@, = h,
for all n > 0, and hence that h = h. O

A construction for »-algebraic coequalizers follows as a corollary.

Corollary 3.2.5. Let ¥ be an endofunctor on a category €. If € is cocomplete and X
18 w-cocontinuous then X-algebraic coequalizers exist. If, in addition, X is epicontinuous

then YX-algebraic coequalizers are epimorphic in € .

Proof. Consider the following construction:

I/ A— 3

tJ w reflect lt’ (32)
l

— c 21 /
Y‘N Z coeq Zl Z

Given a Y-algebra (Z,t) and a parallel pair I,r : Y — Z, let ¢: Z — Z; be a coequal-
izer of the pair [,r in ¥. By Theorem [3.2.4, we can construct a reflection (z,2;) :
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3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

cot cot

(Z % 2,2 x7) — (22 27 £ £7) for the S-algebra cospan (Z % Z, ' $7). 1t
follows that the homomorphism z = z; 0 c: (Z,t) — (Z',t') is a X-algebraic coequalizer
of the pair [, r.

Now recall that the map z : Z — Z' is given as ¢ : (Zp,t) — (Zwo,ls) in the
construction (3.1) where ¢y and ¢, are respectively taken to be the coequalizer ¢ of
[,r and the composite ¢ o ¢. If 3 is epicontinuous, the w-chain {¢, : Z, — Z,i1 }n>o
in consists of epimorphisms, and hence this is also the case for its colimiting cone
{Cn: Zn — Zoo b0 O

3.2.2 Construction of free algebras for endofunctors

The following result describes a well-known condition for the existence of free algebras
for endofunctors (see e.g. [Adamek |1974]).

Theorem 3.2.6. Let 3 be an endofunctor on a category €. If € is cocomplete and > is
w-cocontinuous, then the forgetful functor Uy : ¥-Alg — € has a left adjoint.

Proof. Let X be an object in €. As the endofunctor X +¥(—) on % is w-cocontinuous, by
Theorem a free (X + X(—))-algebra (T'X, [nx, Tx]) on the initial (X + X(—))-algebra
cospan (0 SX+208 X+ Y0) is constructed as follows:

X4+20 3B X+ 5(X +30)  coeee X + 2(TX)
. . |
i po id ~ | 3! [7’])(,7’)(} (33)
! X+5! ¥
0 ——— X +30 ——— X +X(X+320) - TX colim

where 0 is an initial object and ! is the unique map. As (T'X,[nx,7x]) is an initial
(X + X(—))-algebra, it follows that (T'X,7x : ¥TX — TX) is a free X-algebra on X
with universal map 7y : X — T'X. [

In the construction above, the carrier object T'X is given as a colimit of the w-chain
{fn: Xn — Xpni1 }n>0, inductively defined by setting Xy = 0, fo = ! and, for n > 0,
Xpi1 = X 4+ XX, farr = X + Xf,. The intuition behind the construction of T'X,
in which ¥ represents a signature and X an object of variables, is that each object X,
consists of terms of depth at most n built up from operators in ¥ and variables in X. The
object T'X is intuitively the union of the sequence of objects { X,, }.>0, i.¢., it intuitively

consists of terms of finite depth.

Example 3.2.7 (continued). Recall that the functorial signature Fy,, for the equational
system of groups is given by Fy, X =1+ X + X?. We consider the above construction for
Fy,, to obtain free Fy -algebras. For a set V' of variables, Vj is defined to be the empty

set and the sets V,,, for n > 1, are inductively defined as

Vi = VA F, (Vo) = V14V 1 +V,?
~ (vlveViw{etw {it)|te Vi }w {mtt)|t,t' €V, 1}.
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The free Fyg-algebra (TV,7y) on V has as carrier the set TV = J, 5, Vn, which is

inductively given by the following grammar
teTV ==wv |e]|ilt) | mtt) forveV, t,t' eTV.

The algebra structure 7 = [[e], [i],[m]] : 1 + TV + TV? — TV is given by [e]() = e,
[i1() = i(®), [m](t,#') = m(t,¢').

3.2.3 Construction of free algebras for equational systems

We present a construction of a left adjoint to the embedding S-Alg — >-Alg for an
inductive equational system S with functorial signature ¥J; that is, a construction of free

S-algebras over Y-algebras.

Theorem 3.2.8. Let S = (¢ : ¥ > I' = L = R) be an inductive equational system.
Then the embedding S-Alg — Y-Alg has a left adjoint. Furthermore, the universal

homomorphisms from Y -algebras to their free S-algebras are epimorphic in € .

Proof. By Corollary [3.2.5] Y-algebraic coequalizers exist and they are epimorphic in %
We claim that for any ¥-algebra (X s), a ¥-algebraic coequalizer, say ¢ : (X, s) — ()?, s),
of the pair L(X,s)°, R(X,s)° : TX — X into the Y-algebra (X, s) is a free S-algebra on
the X-algebra (X, s). See the diagram below.

First, we show that ()? ,S) is an S-algebra. Since the map ¢ coequalizes the pair
L(X,s)°, R(X,s)° and, being a Y-algebra homomorphism (X,s) — ()?,3), also yields
I-algebra homomorphisms ¢ : L(X,s) — L(X,3) and ¢ : R(X,s) — R(X,3), it follows
that L()?,E)O ol'qg = R()N(,éjo oI'q. Since ¢ is epimorphic in ¢ and I' is epicontinuous,
the map I'q is epimorphic and thus we have L(X, §)0 = R(X, §)0.

Second, for every homomorphism A from (X, s) to an S-algebra (Y,t), we show that
the homomorphism h uniquely factors through ¢ : (X,s) — ()? ,5). As ¢ is an alge-
braic coequalizer of L(X,s)°, R(X,s)°, it is enough to show that the map h coequalizes
L(X,s)°, R(X, s)°. This directly follows from the fact that (Y,t) is an S-algebra because
L(Y,t)° = R(Y,t)° implies that I'h equalizes L(Y,t)°, R(Y,t)°, which in turn entails that
h coequalizes L(X,s)°, R(X,s)°. O

By the construction 1} depending on the construction 1) the free S-algebra ()N( ,S)
on a Y-algebra (X, s) with universal homomorphism ¢ : (X, s) — (X, 3) is constructed as

follows:
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3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

Here, the map ¢ is a coequalizer of the parallel pair L(X,s)°, R(X,s)°. The map s is
set to be ¢g o s, and the maps ¢; and s;, for ¢ > 1, are inductively defined by letting
X,y1 with ¢; and s; be a pushout of s;_; and ¥(g;—1). The carrier object X with maps
{7, : Xi— X }i>o is a colimit of the w-chain { ¢; };>0 and the structure map s is the unique
mediating map from the colimit ©X of the w-chain { $¢; }izo to the cone {G;,; 0s; }izo.

The intuition behind the construction of X, is that of quotienting X according to
the equation L = R. For n > 1, the construction of X, from X, _; as a pushout is
intuitively quotienting the object X,,_; by congruence rules for the operators. Therefore,
the intuition behind the construction of X is that of quotienting the object X by the

equation L = R and congruence rules.
Example 3.2.9 (continued). For the equational system of groups

Se¢ = (Set : Fy,
> K23l + Hedl + Hedl + [z
o [ Im(z.e)] , [m(z,i(@))] . [m(i(z),2)] , [m(m(z,y),2)]]
= [ [ [e] : [e] , [m(z,m(y, ) 1),

we consider the construction of the free Sg-algebra (ﬁ, 7y) over the free Fy_-algebra
(T'V, 1y) constructed in Example
As the map qo : TV —» (TV)1 is the universal map in Set that coequalizes the pairs

]
]

[m(z, e)|(TV, 1v) [2)(TV, 7v) TV — TV
[m(z,i(@)[(TV,7v) . [el(TV,7v) : TV — TV
[m(i(z), 2)[(TV,7v) [el(TV, 7v) TV — TV

[m(m(z,y), 2)[(TV,7v) , [m(z,m(y, )[(TV,7v) = (TV)? — TV

it follows from the standard construction of coequalizers in Set that the set (T'V'); is the

quotient set of TV under the equivalence relation ~; generated by the following rules:

teTV teTV teTV t,t'.t"eTV
mt,e) m t m(ti() m e mli(t),) ~ e m(mt,¢),0") ~ m(t,m( 1))

The map ¢p sends a term ¢ to the equivalence class [t]x,.

We observe that a pushout of a surjective map e : A — B and amap f: A — C
in Set is given by the quotient set C'/. of the set C' under the equivalence relation ~
generated by the rule f(a) ~ f(a') in C for all a,a’ € A such that e(a) = e(a’) in B; with
the surjective map €’ : C'— C/. sending an element c¢ to its equivalence class [c|., and
the map f': B — C/. sending an element b to €'(f(b)) for b an element of A such that
e(b) = b. From this observation, we have that the sets (TV),, for n > 1, are respectively
the quotient sets of TV under the equivalence relations ~,, inductively generated by the
following rules:

t~p1 8 l ~p1 s t 1 s t &~
t =, s e~y e i(t) ~, i(s) m(t,t') =, m(s,s’)
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The map ¢, 1 sends [t]~, , to [t]~, -
Thus the object TV, being the colimit of the w-chain { (T'V'),, },>1 in Set, is given as

the quotient set of TV under the equivalence relation = given by the following rules:

Ref telV teng/ Sym 72 Z‘; Trans L2 f SET
. teTV . teTV . te TV
Axiom; —LELV__ A A
oM ey ~t O™ i) ~e O™ T ni(h), ) ~ e
Axiom t,t't"eTV
(U, 1) ~ m(t, m(t, 7))
t~ ' ~ s

Cong-i

t~s
(1) ~ i(s)

The map ¢ sends a term ¢ to the equivalence class [¢]~ .

Cong-e o< Cong-m

m(t,¢') ~ m(s, s')

3.2.4 Construction of free algebras for monadic equational
systems
One can construct free algebras for inductive monadic equational systems via the encoding

of these systems into inductive (ordinary) equational systems given in Section . In this
section, we simplify the construction (see Corollary (3.2.12)).

Definition 3.2.10. A monadic equational system S = (¢ : T > I' = L = R) is called
inductive if the category € is cocomplete, and the underlying endofunctor of the monad T

and the functorial context I' are epicontinuous and w-cocontinuous.

Theorem 3.2.11. Let S = (¢ : T > '+ L = R) be an inductive monadic equational
system with T = (T, n,u). For an FEilenberg-Moore algebra (X, s) of the monad T, every
T-algebraic coequalizer of L(X, s)°, R(X,s)® into (X, s) yields a free S-algebra (X, 3) over
(X, s). Hence, this construction provides a left adjoint to J : S-Alg — €T,

TX — % sy

T
L(X,s)® q

o pe
rx W X algcoeq X

Proof. Recall from Section [2.3] that we have the equivalent equational system
S=(¢:T>Tr+D)F [Ly,L] = [Rr,R))
and the following situation
I-Alg ['r-Alg
L||R
R Rt

S-Alg = S-Algc - ETc - T-Alg

T
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3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

As the equational system S is also inductive, the embedding JyJ has a left ad-
joint K : T-Alg — S-Alg constructed by means of T-algebraic coequalizers (see Theo-
rem . It follows that the composite functor K Jp : €T — S-Alg is a left adjoint to
the embedding J.

From the construction of the reflection K : T-Alg — S-Alg given in Theorem we
see that the S-algebra K(Jr(X,s)) for (X,s) € €T is given by a T-algebraic coequalizer
of the pair [Ly(Jr(X, 5))°, L(Jr(X, s))"] and [Ry(Jr(X, 5))°, R(Jr(X, s))°] into Jr(X, s),
which is a T-algebraic coequalizer of the pair L(X,s)°, R(X,s)° into Jr(X,s) because
Lt(Jr(X,s))° = Rp(Jr(X,s))* and L Jy = L, R Jp = R. O

For each object X in €, as (T X, ux : TTX — TX) is a free Eilenberg-Moore algebra

on X, we have the following corollary.

Corollary 3.2.12. Let S = (¢ : T > I' b L = R) be an inductive monadic equational
system with T = (T,n,pn). For each object X in €, every T-algebraic coequalizer of
L(TX, ux)®, R(TX, ux)® into (TX, ux) yields a free S-algebra on X.

3.3 Properties of inductive equational systems

For inductive equational systems, we show
1. the monadicity and cocompleteness of categories of algebras (see Section ;
2. the epicontinuity and w-cocontinuity of representing monads (see Section ; and
3. the cocompleteness of categories of inductive equational systems (see Section .

Overall, we establish the following theorem (by means of Theorem [3.3.6] Theorem [3.3.9]
and Corollary [3.3.8)).

Theorem 3.3.1. For an inductive equational system S on a category €, the category
S-Alg is cocomplete, the forgetful functor Us : S-Alg — € is monadic, and the represent-

ing monad of S s epicontinuous and w-cocontinuous.

3.3.1 Properties of categories of algebras

We first show some general properties of categories of algebras for equational systems,
and then show that categories of algebras for inductive equational systems are cocomplete

and monadic over their base categories.

For an equational system S with functorial signature Y, the category S-Alg is a replete,

also called somorphism-closed, subcategory of ¥-Alg in the following sense.
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3.3. Properties of inductive equational systems

Proposition 3.3.2. Let S = (¢ : ¥ > I' b L = R) be an equational system. For any
isomorphic 3-algebras (X, s) = (Y, t), the following holds:

(X,s) € S-Alg = (Y,t) € S-Alg.

Proof. For an isomorphism p : (X, s) 2 (Y,t) : ¢, we have that L(Y,#)° = poL(X,s) ol'(q)
and R(Y,t)® = poR(X,s)°ol'(q). Thus, L(X,s) = R(X,s) implies L(Y,t) = R(Y,t). O

We recall two well-known properties for endofunctors ¥ on a category %.

o (X,s:3X — X)is a free ¥-algebra on A € ¥ with unit map a : A — X if and
only if (X, [a,s] : A+ XX — X) is an initial (A + X(—))-algebra.

o [f the forgetful functor X-Alg — % has a left adjoint then it is monadic.
These results extend to equational systems.

Proposition 3.3.3. Let S= (¢ : ¥ > T'F L = R) be an equational system. For any ob-
ject A € €, let S* be the equational system given by (€ : (A+X(=))>T+ LU4s = RU,)
where Uy denotes the forgetful functor (A+ X(—))-Alg — X-Alg. Then, it holds that
(X,s: XX — X) is a free S-algebra on A € € with unit map a : A — X if and only if
(X,[a,s] : A+ XX — X) is an initial S*-algebra.

Proof. By definition of the system S, an S%-algebra (X, [a, s]) is simply given by a pair
consisting of an S-algebra (X, s) and a map a : A — X. The conclusion of the proposition

trivially follows from this observation. O

Proposition 3.3.4. Let S be an equational system on a category €. If the forgetful
functor Us : S-Alg — € has a left adjoint, then it is monadic.

Proof. To show the monadicity of Us, by Beck’s theorem |[Mac Lane |[1998, Theorem 1
of Section VI.7], it is enough to show that Us creates coequalizers of parallel pairs
f,9:(X,r) — (Y,s) in S-Alg for which f,g : X — Y has an absolute coequalizer, say
e:Y —» 7, in %. In this case then, e is a coequalizer of X f,¥g and I'e is a coequalizer
of I'f, I'g, so that we have the following situation

b
EX:;EYL»EZ

5 |
|
f e +
X ? Y —»coeq 7
~
L(X,T)Q:‘R(X,r)o L(Y,5)°=R(Y,5)° L(Zt)°| | R(Zt)°
rf . I
X ——=TY — <17

Ig

/
g

N

where the map ¢ is the unique mediating map from the coequalizer e to the map e o s.
Since both maps L(Z,t)° and R(Z,t)° are factors of the map eo L(Y,s)® = eo R(Y,s)°
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3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

through the coequalizer T'e, we have that L(Z,t)° = R(Z,t)°, that is to say, (Z,t) is an
S-algebra.
From the universal properties of e and e, one can easily show that e : (Y, s) — (Z,t)

is a coequalizer of f,g: (X,r) — (Y, s) in X-Alg, and hence also in S-Alg. ]

The monadicity and cocompleteness of categories of algebras for inductive equational
systems follows from Proposition and the following lemma.

Lemma 3.3.5. Let X be an endofunctor on a category €. If ¥-algebraic coequalizers

exist, then the category X-Alg has coequalizers.

Proof. For a pair of ¥-algebra homomorphisms f, g : (X,s) — (Y,t), a X-algebraic co-
equalizer of the maps f, g : X — Y into the 3-algebra (Y, ) is, by definition, a coequalizer
of the homomorphisms f, g in X-Alg. ]

Theorem 3.3.6. For an inductive equational system S on a category €, the forgetful

functor Us : S-Alg — € is monadic and the category S-Alg is cocomplete.

Proof. By Theorem [3.2.1] Us has a left adjoint and thus, by Proposition [3.3.4] is monadic.
Furthermore, S-Alg has coequalizers since, by Theorem [3.2.8] it is a full reflective sub-
category of ¥-Alg which, by Corollary and Lemma [3.3.5] has coequalizers. Be-
ing monadic over a cocomplete category and having coequalizers, S-Alg is cocomplete
(see e.g. [Borceux|1994) Proposition 4.3.4]). O

3.3.2 Properties of representing monads

We show that representing monads of inductive equational systems are w-cocontinuous

and epicontinuous.

Cocontinuity. We show that in general the colimit-preservation properties of the func-
torial signature and functorial context of an equational system on a cocomplete category
are inherited by its representing monad. It follows as a corollary that representing monads

of inductive equational systems are w-cocontinuous.

Recall that a diagram in a category % is a functor from a small category to %.
We say that a class K of diagrams in % is closed under an endofunctor F' on % if the

diagram F'I : 1 — % is in K for every diagram [ : [ — % in K.

Proposition 3.3.7. Let S = (¢ : ¥ > I' b L = R) be an equational system with
representing monad (T,n, ). For K a class of diagrams in € closed under T, if € has
colimits of diagrams in K and the endofunctors > and I' preserve them, then so does the

endofunctor T'.
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3.3. Properties of inductive equational systems

Proof. Foradiagram I : I — % in IC, let {)\; : i — colim I };¢y and {6; : T1i — colim T'1 };¢1
be colimiting cones. We show that the cones {T\; }ier and {9; }ier are isomorphic.
To this end, we construct an inverse ¢ : T'(colim I) — colimT'I to the mediating map
p:colimTI — T(colim I) from { d; }ier to { TA; }ier as follows.

For every object X in €, let (TX,7x : ¥T'X — TX) be the free S-algebra on X
induced by the left adjoint to Us. As the family 7 = {7x : ¥TX — T'X }xe¢ is natural,
the family {6; o 77y : ¥T1i — colimT'I };cy is a cone and, as {30; }ier is colimiting, we
have a unique Y-algebra structure map ¢ on colim7'I such that the diagram on the top

below commutes for every ¢ € I.

26,

XTI Y(colimT'T)
|
Tlil 13t
55 +
TI colim 1]
1 4
L(TIz‘,T”)O:‘R(T]i,TH)O L(colim TT,t)° | | R(colim T'I,t)°®
. I
ITIi o I'(colim T'T)

Furthermore, the 3-algebra (colim 7'/, ) is an S-algebra,; since { I'd; }ier is colimiting and
L(colimT1,t)° o T'6; = R(colimT'I,t)° o T'6; for all i € 1.
By the universal property of free algebras, we define ¢ : T'(colim I) — colim T'I as the

unique map making the following diagram commutative:

YT (colimI) - — EEIN Y(colimT'T)

Tcolim Il lt

: 3!
T(colim I) — -~~~ — 5 colim T'I
Tcolim IT “ohim m

colim [

This map is a morphism between the cones {T'A; }ier and {d; }ier; as follows from the

commutative diagrams below

ST i~ ST (colim T) e, S(colimTI) ST 1 ———— % (colim TT)
mi Tcolimfl lt Thl lt
5; )
TTi —2 s Peolim I) —— colim T'1 Tl colim T'1
sz ncollmIT Kmm) TIIZT N m’n
I3 4i> colim I Ii— colim [

by the universal property of free algebras.
The endomap ¢ o p on colimT'[ is the identity, as it is an endomap on a colimiting

cone. That the endomap poq on T'(colim I) is the identity follows from the commutativity
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of the diagram below

ST (colim 1) —% ¥ (colim TT) —2+ X7 (colim I)

Teolim JJ( lt (B) l’rcolim I

T (colim I) —*— colim 7T ——— T(colim I
Tlcolim IT (A)

colim [

Tlcolim I

by the universal property of free algebras. The commutativity of the diagram (A) above

follows from the commutativity of the following diagram for each i € I

Mcolim T
colm/ —mMMMM T colim [

\ COM l

colimT'1

X J,p

T'(colim I)

COhm ] Tlcolim I

because { A; }ier is a colimiting cone. The commutativity of diagram (B) above follows

from the commutativity of the following diagram for each i € I

P

XTI Y(colimT'T)

ST
[
TIi

5, YT (colim 1)

TIZ T)‘z l’rcolim I
il

Y(colim T'l) ———— colim TT ——,—— T'(colim I
because { 30; }ier is a colimiting cone. O]

When considered for the class of all w-chains, the above theorem yields the following

corollary.

Corollary 3.3.8. Representing monads of inductive equational systems are w-cocontinuous.

Epicontinuity. For an equational system S = (¢ : ¥ > I' = L = R) with representing
monad (7,7, i), it follows from Proposition that if ¥ and I" preserve cokernel pairs
(viz., pushouts of spans with identical legs) then so does T’; so that, in particular, it also
preserves epimorphisms. However, under the free constructions of Section [3.2] one can

directly obtain the epicontinuity of representing monads of inductive equational systems.
Theorem 3.3.9. Representing monads of inductive equational systems are epicontinuous.
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Proof. For an inductive equational system S = (¢ : ¥ > I' = L = R), we recall the free
constructions and , which jointly yield left adjoints to the forgetful functors
Us : ¥-Alg — € and Us : S-Alg — €. We write (T, n, 1) for the monad induced by the
former adjunction and (i n, ) for the representing monad of S induced by the latter
adjunction. We show that the endofunctor T is epicontinuous.

We consider, for each epimorphism f : X — Y in %, the constructions of the map

Tf:TX — TY induced from ‘) and of the map T f: TX — TY induced from (13.4])):

0— =X +30 5 X 4 5(X +50) —— o TX 2Ty
l |
lo lHEO lf+2(f+zo) 13 TS 13T
¥ +
04!>Y+EOLZ!>Y+Z(Y+EO)—> ...... TY —2 s Ty
colim
Since X is epicontinuous, the vertical maps 0, f 4+ X0, ... are inductively shown to be

epimorphic, and thus so is the map T'f. As the quotient map gy is epimorphic, then so

is the composite gy o T'f = T f o qx, and thus the map T f is epimorphic. n

3.3.3 Properties of categories of inductive equational systems

The cocompleteness of categories of inductive equational systems follows as a corollary of

the following more general result.

Proposition 3.3.10. For a cocomplete category €, the category ES(€) of equational

systems on € has
(i) small coproducts; and

(ii) coequalizers of parallel pairs Sy =S, for which Se has a representing monad.

Proof. Recall from Section that ES(%) is a full subcategory of the cocomplete
category (CAT/%)° via the embedding sending an equational system S to the pair
(S-Alg, Us : S-Alg — ©).

For (i), given a family of equational systems
{Si=(@:% >k L, =R,;) }ier
define the equational system

Hiel Si = ((’gﬁ : HiEI ¥ > Hiel N [Li Ui]ie[ = [Rz' Ui]ie[) (3-5)

where U; denotes the forgetful functor (], ,; ¥;)-Alg — X,-Alg. It follows that the
system [[,.;S; is a coproduct of the family {S; };c; in ES(%), as (][,c;Si)-Alg is a
product of {S;-Alg };cr in the category CAT/% .

For (ii), let S = (¢ : Xy > I F Ly = Ry), So = (€ : Yo > Iy Ly = Ry)

be equational systems such that S, has a representing monad Ty = (T, 72, pt2), and let

o7



3. THEORY OF INDUCTIVE EQUATIONAL SYSTEMS

F.G:S; — Sy be a pair of morphisms between them. By definition, the morphisms F, G
are functors F, G : Sy-Alg — S;-Alg over ¢ and we have the following situation

@2 L So-Alg %; Si-Alg (L Yi-Alg

o)

where €2 is the category of Eilenberg-Moore algebras for T, and I, is the inverse of
the comparison isomorphism given by the monadicity of S,-Alg over ¥. Recalling the

concept of monadic equational system from Section [2.3, we consider the monadic system
83: (%:Tg > El H JlFIQ EJlGIQ)

By definition, the embedding J5 : S3-Alg «— €12 is an equalizer of J; F' I, and J; G I, in
CAT/%. As I is an isomorphism and .J; is a monomorphism in CAT /%, the functor
I J; : S3-Alg — Sy-Alg is an equalizer of F' and G in CAT/%. As we have seen in
Section the monadic system Ss induces the equivalent equational system S; in the
sense that S3-Alg = Ss-Alg. It thus follows that Ss is a coequalizer of F,G in ES(%).
Furthermore, from the definition of S3, we note that

e the functorial signature of S is the endofunctor T; and

(3.6)
e the functorial context of S is the endofunctor Id + Ty Ty + 3.

]

Corollary 3.3.11. For a cocomplete category €, the full subcategory IndES (%) of ES(%)

consisting of inductive equational systems is cocomplete.

Proof. As every inductive equational system has a representing monad, it follows from
Proposition [3.3.10 that small coproducts and coequalizers of inductive equational systems
exist in ES(%). Moreover, that those colimits in ES(%) are also inductive follows from
and , and from the fact that representing monads of inductive equational sys-
tems are epicontinuous and w-cocontinuous (Theorem and Corollary . Thus,
the category IndES(%’) has small colimits. O

3.4 Examples

We revisit the examples of equational systems given in Section [2.5| in the light of the

results of this chapter.

1. For the equational system St = (Set : ¥p > 't - Lt = Ry) representing an alge-
braic theory T, the system St is inductive, and one can apply Theorem as fol-
lows: the category Sr-Alg is monadic over Set and cocomplete; and the free-algebra
monad (i.e., the representing monad of St) is epicontinuous and w-cocontinuous.
As the endofunctors ¥ and I'y are finitary (i.e., they preserve filtered colimits), by
Proposition [3.3.7], the free-algebra monad is finitary.
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2. For the equational system Sy = (% : X1 > 't - Lt = Rr) representing an enriched
algebraic theory T = (%, 3, ), the functors X1 and 't are w-cocontinuous but need
not be epicontinuous (see Remark below for a counter example). Thus one
cannot apply the theory of this chapter. However, in Section [4.3, we will show the

cocompleteness and monadicity of Sp-Alg using a more general theory developed
in Chapter [4

Remark 3.4.1. The category Nom of nominal sets (see e.g. [Gabbay and Pitts|1999,
2001] and Section |8.2.1) is a suitable Set-enriched category for defining enriched al-
gebraic theories, as it is locally finitely presentable. Consider the enriched algebraic
theory T = (Nom, 3, ()) with ¥ the signature consisting of only an operator of
arity A and coarity 1, for A the nominal set of atoms (see Section . The

functorial signature Xt is then given by
Yr(X) = Nom(A, X)®1 = erNom(A,X) 1.

However, the endofunctor Yt is not epicontinuous: for the epimorphism ! : A# A — 1,
where A # A is the nominal subset of A x A with underlying set given by { (a,b) €
A X A |a##b}, the morphism Xr(!) is not epimorphic since Nom(A, A # A) is the
empty set and Nom(A, 1) is a singleton set.

3. We may apply Theorem to the equational system St representing a monad
T = (T,n,p) on a cocomplete category € as follows. If T is epicontinuous and

w-cocontinuous, then St-Alg = €T is cocomplete.

Moreover, for a cocomplete category €, the category of monads on € preserving
both epimorphisms and colimits of w-chains is equivalent to the category IndES(%)
through

a) the embedding sending a monad T to the equational system St (see item |3 of
Section , and

b) the embedding sending an inductive equational system to its representing

monad.

Thus, by Corollary [3.3.11] we can conclude that the category of monads on a co-
complete category that preserve both epimorphisms and colimits of w-chains is co-

complete.

4. To the equational system Syion(%) of monoids in a cocomplete monoidal category €,
we can apply Theorem [3.3.1| as follows. If the tensor product ® : € X € — € is
epicontinuous and w-cocontinuous (as it happens, for instance, when it is biclosed),
then Syion(¢)-Alg (i.e., the category of monoids in &) is cocomplete and monadic
over ¢, and the free-monoid monad (i.e., the representing monad of Syion(w)) is

epicontinuous and w-cocontinuous.
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5. To the equational cosystem Scomon(w) Of comonoids in a complete monoidal cat-
egory €, we apply the dual version of Theorem as follows. If the tensor
product ® : € x € — € preserves monomorphisms and limits of w-cochains, then
Scomon(#)-CoAlg (i.e., the category of comonoids in €’) is complete and comonadic
over ¢, and the cofree-comonoid comonad (i.e., the representing comonad of Scomon(#))

preserves monomorphisms and limits of w-cochains.



Chapter 4
General theory of equational systems

We seek more general conditions on equational systems for admitting the properties that
we have discussed in Chapter 3] In this respect, we generalize the inductiveness condition
as follows. Note that the notion of inductiveness given in Chapter [3| amounts to that of

w-inductiveness given below.

Definition 4.0.2. An equational system S = (¢": X > I' F L = R) is said to be k-finitary,
for k an infinite limit ordinal, if the category % is cocomplete and both functors ¥ and I
are k-cocontinuous. Such an equational system is said to be k-inductive if furthermore

both functors ¥ and I' are epicontinuous.

Main results of this chapter are summarised as follows. For every r-finitary equational

system S, the following hold.
e The category S-Alg of S-algebras is cocomplete and monadic over the base category.
e The representing monad of S is k-cocontinuous.
Furthermore, when S is k-inductive, we additionally have the following.
e Free S-algebras are constructed in k + k steps.
e The representing monad of S is epicontinuous.
We also have the following result.

e The categories k-FinES(%) and x-IndES(%’) of s-finitary and s-inductive equa-

tional systems on a cocomplete category € are cocomplete.

Note that throughout the chapter we develop more technical and general conditions than
the finitariness and inductiveness conditions above.

We follow the development of Chapter [3| extending the inductive constructions to
the transfinite case (see Section and Section . We conclude the chapter by re-
visiting the example equational systems given in Section in the light of these results

(see Section [£.3).
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4. GENERAL THEORY OF EQUATIONAL SYSTEMS

4.1 Transfinite free constructions for equational

systems

This technical section extends the inductive constructions and results of Section B.2] to

the transfinite case. Overall, by means of Corollaries |4.1.12| and 4.1.13] the following

theorems are established.

Theorem 4.1.1. For a k-finitary equational system S on a category €, the forgetful
functor Us : S-Alg — € has a left adjoint. Furthermore, if the system S is k- mductwe

free S-algebras on objects in € can be constructed in k + K steps, as in the diagram (

followed by (4-9).
Theorem 4.1.2. Let S = (¢ : ¥ > I' = L = R) be an equational system with €

cocomplete. If € has no transfinite chain of proper epimorphisms, and 3 is epicontinuous
and k-cocontinuous for some infinite limit ordinal k, then the forgetful functor S-Alg — €

has a left adjoint.

Remark 4.1.3. In Theorem we take a transfinite chain in a category € to be an
Ord-indexed diagram (i.e., a functor from Ord to €’) for Ord the large linear order of
ordinals. Main examples of categories with no transfinite chain of proper epimorphisms
are those that are well-copowered. Recall that a category is called well-copowered if, for

each object, the collection of its quotient objects is a set.

Analogously to the development in Section [3.2] we consider the construction of alge-

braic coequalizers, free Y-algebras, and free S-algebras in turn.

4.1.1 Algebra cospans and algebraic coequalizers

We generalize the construction of Section for reflecting algebra cospans into
algebras.

Let ¥ be an endofunctor on a category € and (¢ : Z — Z' «+ X7 : 1) a Y-algebra
cospan. For x an ordinal, we proceed to consider a (possibly transfinite) construction as

depicted below

= o2 2
e C1,2 Cw w+1
WA WA Ny e 7 —— Xl Xy

t t1 \N :(J tr

& - (%)
collm\
I N7 .. ... N
Z c Z c1,2 22 w W Cw w1 Z’f Cr k41 Z’i"'l
2,w colim

yielding
e achain {cop: Zo — Zg ta<p<nt1 (With ¢o1 = ¢), and
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4.1. Transfinite free constructions for equational systems

e morphisms {t, : X7, — Zoi1 ba<w (With to = 1)

such that
Sea,
574 LN WA
x Y
Zotl ~iom Zo1
commutes.

Precisely, the definitions are as follows: for A < k&,

e when A =0,

Zy 25 g By is 7 -5 70 vz,

e when A\ is a successor ordinal o + 1,

CxA+1 ty . t Yca,at1
Zy =55 Zyi1 <= XZy is a pushout of Z, . <~ X7, =% XZ,.1; and

e when A\ is a limit ordinal,

CAA+1 t . t% c
Z\ 255 Zy41 <2 XZ, is a pushout of Z) <> Z3 — %7, where

*

— {canr:Zo — Z) }acr and {cz’/\ : X2y — Z }a<n are respectively colimits of

the A-chains { ¢ 3 ta<p<r and { Xcq g ta<penr; and

— ¢} and # are respectively the mediating maps from the colimiting cone { ¢, , }a<x

to the cones { Xy x o< and { i1, © to a<a Of the A-chain { Xca 5 ba<panr.

Definition 4.1.4. Whenever the construction above can be performed for the ordi-
nal x, we say that it reaches k. Furthermore, we say that the construction () stops if it
does so at some ordinal x in the sense that it reaches x and the map ¢ y1 1 2 — Zia

is an isomorphism.

We now show that if the construction stops, then it reflects the »-algebra cospan
(¢c: Z —Z'—XZ:t)into a X-algebra.

Theorem 4.1.5. Let ¥ be an endofunctor on a category €. For a X-algebra cospan
(¢c: Z —Z'—XZ:1), if the construction for it stops, then a free Y-algebra on it
exists. If, in addition, the endofunctor ¥ is epicontinuous and the map c is epimorphic
in €, then the two components of the universal map from the Y-algebra cospan to the free

Y-algebra are epimorphic in € .

Proof. Let (Z % 7' L ¥7) be a Y-algebra cospan and assume that the construction
for it stops at an ordinal k. We claim that the 2-algebra (Zy, (Copnt1) "t 0ty : B2, — Zy)
is free over (¢: Z — Z' — XZ : t). Indeed, we show that

(CorC1n) : (Zo — Z1 — $20) — (Z S Z,, — $2,.)
is a universal map in X-AlgCoSp.
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4. GENERAL THEORY OF EQUATIONAL SYSTEMS

First, note that (co, c1,) is indeed a map in 3-AlgCoSp; as we have that

(Cn,n+1)71 otgo0 ECO,/{ = (Cli,I{Jrl)il O C1,k41° to = Ci1,x © lo .

c t id u

Second, consider a map (h,h') : (Z — Z' «— ¥Z) — (W — W «— XW) in
>-AlgCoSp and perform the following construction:

3e2w
N7 == EZ/%EZWMEZM e X,

where

o for A =0,
hy is h and hy,q is h/;

e for a successor ordinal A = o + 1,
hy is hay1, and hyyq is the mediating map from the pushout Z,,; to W with respect
to the cone (Z, RN sy ¥.Z)) of the span (Z,41 deong, Peaay Y Zq41); and
e for a limit ordinal A,
hy is the mediating map from the colimit Z, to W with respect to the cone { hq }a<n
of the A-chain {c, s ta<p<r, and hyyi is the mediating map from the pushout
Zy41 to W with respect to the cone (hy: Zy — W « XZ, : uwo Xhy) of the span
(ty : 2y — Z5 = X7y : c}).

As hy o (Copi1) P 0oty = hey1 ot, = uwo Xhy, it follows that h, is a Y-algebra
homomorphism (Z,, (¢, x41) ' o t,) — (W,u). Hence, (h,h') factors as the composite
(his hie) © (€o s, €1) in 3-AlgCoSp.

We finally establish the uniqueness of such factorizations. For any homomorphism
g: (Ze, (Cons1) P ot,) — (W,u) such that goc;, = I it follows by transfinite induction
that g o ¢4 = ho for all @ < k, and hence that g = h,.

If 3 is epicontinuous and c is an epimorphism in %, then, by transfinite induction, the
morphisms ¢, g and ¥c, g are shown to be epimorphic in % for all ordinals o < 3 < k.
Hence this is the case for ¢y, and ¢ . O

A construction of algebraic coequalizers follows as a corollary.

64



4.1. Transfinite free constructions for equational systems

Corollary 4.1.6. Let X be an endofunctor on a category € with coequalizers. If the
construction stops for every X-algebra cospan (¢ : Z — Zy «— X7 : t) with ¢ epimor-
phic in €, then X-algebraic coequalizers exist. If, in addition, ¥ is epicontinuous then

Y-algebraic coequalizers are epimorphic in € .

Proof. Let (Z,t : ¥Z — Z) be a Y-algebra and let [, be a parallel pair into Z in %.
Consider a coequalizer ¢ : Z —» Z; of [,r in € and the X-algebra cospan (Z - Z; Al X7)
as in the proof of Corollary [3.2.5;

I/ —

cot
tl \ reflect lt’
l

— C sl ’
Y#)Z coeq'Z1 Z

As ¢ is epimorphic, the construction stops for the Y-algebra cospan (Z % Z; A 3/ )
and thus, by Theorem [4.1.5] there exists a free X-algebra (Z’,t') on the X-algebra cospan.
Let (2,21) : (Z 5 Z, <! 7)) — (7 g ¥7') be the universal map. Then, the
homomorphism z = z; 0c: (Z,t) — (Z',t') is a ¥-algebraic coequalizer of [, r.

If ¥ is epicontinuous, then by Theorem the algebraic coequalizer z is epimorphic

in € as so is c. O]

4.1.2 Construction of free algebras for endofunctors

The well-known transfinite construction of free algebras for endofunctors (see e.g. |Addmek
1974)) follows from Theorem and the fact that the construction stops when ¢
cocomplete and ¥ k-cocontinuous for an infinite limit ordinal s (see Theorem |4.1.10)).

Corollary 4.1.7. For an endofunctor 3 on a category € with finite coproducts, let X x, for
X € €, be the endofunctor X + 3(—) on €. For an object X € €, if the construction
with respect to the endofunctor Xx for the initial ¥.x-algebra cospan (0 4 >x0 g ¥ x0)

stops, then it yields an initial X x-algebra whose Y-algebra component is a free ¥-algebra
on X.

Note that in the above particular case of the construction depicted below, we have
that Xo = 0; that X, = X + XX, for all successor ordinals a + 1; and that X, is a
colimit of the A-chain { ¢, g }a<p<x for all limit ordinals A.

X+ZCQ w
X4+302% X+2Xﬁi%¥x X, T XANX, XN A NX L, - X+5X,

id 03\ /' id idl
collm X’T+1 (41>
c;,}c-{—l%

— 5 Xy, cw—+1>X“’+1 Xk

2,w collm
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4. GENERAL THEORY OF EQUATIONAL SYSTEMS

4.1.3 Construction of free algebras for equational systems

We present a construction of free S-algebras over Y-algebras for S an equational system
with functorial signature ¥, generalizing the construction (3.4)) of Section m
Let S= (% : X > TF L= R) be an equational system and (X, s) a X-algebra. For

an ordinal, we proceed to consider a (possibly transfinite) construction as depicted below

Eel,w
Yef
eo,1 : o T(efoed)
X ———YX, T LX, L vX, - XX,
s s1k XZ 6:, po S reflect Sw Sk
e COIim\:} e® e® (**)
X—— s Xy e XSS EX X,
alg coeq W
1w
L(s)QHR(s)(> L(81)°HR(51)° oo L(sw)°HR(sw)<> L(SN)OHR(SN)O
Te
rxérxl\;/rxw o TX,
Tei,w

yielding a chain { e, g : (Xa, Sa) = (X35, 58) ta<p<rs (With sp = s) in X-Alg.

Precisely, the definitions are as follows: for A < k,

e when A =0,
(XA,S)\) 18 (X, S);

e when A\ is a successor ordinal o + 1,
Car i (Xay8a) — (X, sy) is a Y-algebraic coequalizer of L(X,,54)%, R(Xa,8a)° :
X, — X,; and

e when A\ is a limit ordinal,
— {eon Xa = X3 facx and { €} \ 1 XX, — X }acn are respectively colimits of
the A-chains { e g Ja<p<r and { Xeq g fa<par;
— ey : X; — XX} and s} : X7 — X} are the mediating maps from the colimiting
cone { e,y fa<x to the cones { Xey, , facr and { €, 0 84 fac<i;
- (X3 5 X3 & Y.X7Y) is a pushout of (X3 & X5 2 YXY):
— (X, sy) is a free X-algebra on the X-algebra cospan (X7 X X3 2 YX%) with
universal map (e} o eg,e3); and
— €a : Xo — X, is the composite €3 o €3 o e, , for a < A
Definition 4.1.8. Whenever the construction above can be performed for the or-
dinal k, we say that it reaches k. Furthermore, we say that the construction stops if it

does so at some ordinal  in the sense that it reaches £ 4+ 1 and the map e, .11 : X, — X1

is an isomorphism.
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4.1. Transfinite free constructions for equational systems

We now show that if the construction stops, it constructs a free S-algebra on the
Y-algebra (X s).

Theorem 4.1.9. Let S = (¢ : ¥ > I' = L = R) be an equational system. If the
construction stops for all ¥-algebras, then S-Alg is a full reflective subcategory of
Y-Alg.

Proof. Let (X, s) be a X-algebra and assume that the construction for it stops at an
ordinal k. We claim that the X-algebra (X, s,) is a free S-algebra on (X s).

First, note that (X, s,) is an S-algebra since e, 11 0 L(X,, 84)° = €xnt1 0 R( Xy, 8x)°
and e, .41 is an isomorphism.

Second, we show that the homomorphism e, : (X, s) — (X, sx) is universal. To this
end, consider a homomorphism & : (X, s) — (W, u) and perform the following construc-

tion:

where
e for A\ =0, hy is h;

e for a successor ordinal A\ = a + 1,
hy : (X, sx) — (W, u) is the factor of h, through the algebraic coequalizer e, 41;

and
e for a limit ordinal A,

— h$ is the mediating map from the colimit X3 to W with respect to the cone
{ ha }Oz<)\;
— h$ is the mediating map from the pushout X3} to W with respect to the cone
(hS : X5 — W «— XX3 : uoXhY); and
— hy : (X, s)) — (W, u) is the factor of
id u

(B, 1) < (X3 2 X3 2 wxg) — (W 4w & sw)

through the universal map (e3 o €3, €3).

67



4. GENERAL THEORY OF EQUATIONAL SYSTEMS

It thus follows that h, : (X, s.) — (W,u) is a factor of h : (X,s) — (W, u) through
eor : (X, 8) = (Xg, s4)-

We finally establish the uniqueness of such factorizations. Indeed, for any homomor-
phism g : (X,, s.) — (W, u) such that g o ey, = h, it follows by transfinite induction that
g o eqr = hg for all a < k, and hence that g = h,. O

4.1.4 Sufficient conditions for free constructions

We conclude the section by giving sufficient conditions that permit the application of
Corollary and Theorem [£.1.9) and thus lead to transfinite constructions of free

algebras for equational systems.

Theorem 4.1.10. Let S = (¢ : X > '+ L = R) be an equational system with € finitely

and chain cocomplete.

1. If ¥ is k-cocontinuous for some infinite limit ordinal K, then the construction

stops at Kk for all 3-algebra cospans.

2. In addition, if I" is k-cocontinuous, or if both ¥ and I' are epicontinuous, then the

construction respectively stops at k, or at 1, for every YX-algebra.

Proof. Assume that ¥ is k-cocontinuous for some infinite limit ordinal k. As % is
finitely and chain cocomplete, the construction () for a ¥-algebra cospan (Z = 2 Lz )
reaches the ordinal k. As the functor ¥ preserves the colimiting cone { ¢4, o<y of the
k-chain { ¢, g }a<p<x, the mediating map ¢ is an isomorphism and hence so is ¢, x1.

By Theorem [£.1.5] free Y-algebras on Y-algebra cospans exist; and so do X-algebraic
coequalizers by Corollary . Thus, the construction () reaches every ordinal.

In addition, assume that I' is k-cocontinuous, and consider the construction for
a Y-algebra (X, s) up to the ordinal x 4 1. As ¥ preserves the colimiting cone { €7, . }a<x
of the k-chain { e, g }a<p<x, the mediating map e, is an isomorphism and hence so are e,
and e}. From this, we have that { e, }a<x 1S a colimiting cone of the k-chain { e, g }a<p<s-
Since T preserves it and the equation L(X,, s.) ole,,. = R(X,, sx)ole,,, holds for every
a < K, it follows that L(X,, s.)” = R(X,, sx)°. Therefore, the algebraic coequalizer e, 11
is an isomorphism.

Alternatively, besides k-cocontinuity of >, assume both that > and I' are epicontinu-
ous, and consider the construction for a Y-algebra (X, s) up to the ordinal 2. Then, by
Corollary the X-algebraic coequalizer e is epimorphic in %, and thus so is I'e ;.
Since T'eg; equalizes L(Xy,s1)" and R(X1,s;)®, we have that L(Xy,s1)" = R(Xy,s1)°.

Therefore, the algebraic coequalizer e; o is an isomorphism. ]

Theorem 4.1.11. Let S = (¢ : X > ' L = R) be an equational system with € finitely

and chain cocomplete. If € has no transfinite chain of proper epimorphisms and % is epi-
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4.1. Transfinite free constructions for equational systems

continuous, then the construction stops for all X-algebra cospans (¢ : Z — Z' — X7 : t)
with ¢ epimorphic, and the construction stops for all ¥-algebras.

Proof. As € is a finitely and chain cocomplete category, the construction for a
Y-algebra cospan (¢ : Z — Z' « X7 : t) with ¢ epimorphic reaches every ordinal. As ¥ is
epicontinuous, it follows by transfinite induction that the maps ¢, g and ¢, g are epimor-
phic for all ordinals o < 3. Since { ¢a.g }a<peora is @ transfinite chain of epimorphisms,
there exists, by hypothesis, an isomorphic component ¢, g for some pair of ordinals o < 3.
Thus the construction stops.

From Theorem and Corollary [4.1.6] it follows that free Y-algebras on Y-algebra
cospans (¢ : Z — Z' < X7 : t) with ¢ epimorphic and Y-algebraic coequalizers exist, and
that their associated universal maps are epimorphic in €. Thus, the construction (]
reaches every ordinal for all ¥-algebras; and, by transfinite induction, the maps e, g, € ,,
€5y €s €, €3 are shown to be epimorphic in ¢, for all @« < § € Ord and v < A € Ord
with A a limit ordinal. Since { €43 ta<geora is a transfinite chain of epimorphisms, there
exists, by hypothesis, an isomorphic component e, g for some pair of ordinals v < 3. Thus

the construction stops. ]

The following two corollaries imply Theorems [4.1.1{ and [4.1.2]

Corollary 4.1.12. Let ¥ be an endofunctor on a category €. For € finitely and chain
cocomplete, if ¥ is k-cocontinuous for some infinite limit ordinal k, then the forgetful
functor ¥-Alg — € has a left adjoint.

Proof. From Corollary and Theorem [4.1.10 (as the endofunctors X + 3(—) on ¢
is k-cocontinuous for all X € %), it follows that a free ¥-algebra on an object in € is
constructed as in the diagram (4.1). O]

Corollary 4.1.13. Let S = (¢ : ¥ > I' - L = R) be an equational system. For € finitely

and chain cocomplete, if either of the following conditions hold
1. ¥ and I' are k-cocontinuous for some infinite limit ordinal x;

2. ¥ is k-cocontinuous for some infinite limit ordinal k, and both ¥ and I' are epicon-

tinuous;
3. € has no transfinite chain of proper epimorphisms and ¥ is epicontinuous

then S-Alg is a full reflective subcategory of 3-Alg.

Proof. Ttems [I] and P follow from Theorems [4.1.9] and [£.1.10} item [3] follows from Theo-
rems 4.1.9/and 4. 1.111 O
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4. GENERAL THEORY OF EQUATIONAL SYSTEMS

Note that under the condition of item [2 above, the construction of a free S-algebra

over a Y-algebra (X, s) is carried out in k steps as described below:

Ye2,w

Se Yecl,2 sz Ecww+12Xw+1 EXH

\» o+ \Lt"“
S1 Co
" Xﬁ—i—l
cohm to 1
(X S)Q c Ck l<e+1¢

rx —— ﬁ X coeq Xo Cw w1 “"H o Xy

(4.2)

where the map ¢ : X — X is a coequalizer of the parallel pair L(X, s)°, R(X, s)°.

4.1.5 Construction of free algebras for monadic equational

systems

We briefly discuss free constructions for finitary and inductive monadic equational sys-

tems.

Definition 4.1.14. A monadic equational system S = (¢ : T > I' - L = R) with
T = (T,n, ) is said to be k-finitary, for x an infinite limit ordinal, if the category ¥ is
cocomplete and both functors 7" and I' are k-cocontinuous. Such a monadic equational

system is said to be k-inductive if furthermore both functors 7" and I' are epicontinuous.

One can construct free algebras for s-finitary monadic equational systems, for any
infinite limit ordinal x, via the encoding of these systems into -finitary (ordinary) equa-
tional systems given in Section 2.3] However, when the systems are x-inductive, the
construction can be simplified (see Corollary below).

Theorem 4.1.15. Let k be an infinite limit ordinal and S = (¢ : T> T F L = R)
a k-inductive monadic equational system with T = (T,n,u). For an Eilenberg-Moore
algebra (X, s) of the monad T, every T-algebraic coequalizer of L(X,s)°, R(X,s)® into
the T-algebra (X, s) yields a free S-algebra (X,3) over (X,s). Hence, this construction
provides a left adjoint to J : S-Alg — €'T.

TX —2 71X

L(X,s)® J q J

% -~
rx W X algcoeq X

Proof. This theorem holds by the same argument as in Theorem |3.2.11; because, for
the equivalent s-inductive equational system S with functorial signature 7' given in Sec-

tion , a free S-algebra over a T-algebra is constructed by means of a T-algebraic
coequalizer (see Theorems and Theorem [4.1.10] (2))). O

70



4.2. Properties of equational systems

For each object X in €, as (T X, ux : TTX — TX) is a free Eilenberg-Moore algebra

on X, we have the following corollary.

Corollary 4.1.16. Let x be an infinite limit ordinal and S = (¢ : T > T' = L = R)
a k-inductive monadic equational system with T = (T,n,p). For each object X in €,
every T-algebraic coequalizer of L(TX, ux)®, R(TX,ux)® into (TX,ux) yields a free
S-algebra on X.

4.2 Properties of equational systems

We consider properties of categories of algebras and representing monads for equational
systems. Overall, the following two theorems are established: the first one by Corollar-
ies [4.2.4] [4.2.7] and [4.2.10; the second one by Theorem and Corollary 4.2.5]

Theorem 4.2.1. For a k-finitary equational system S on a category €, the category
S-Alg is cocomplete, the forgetful functor Us:S-Alg — € is monadic, and the repre-
senting monad of S is k-cocontinuous. Furthermore, if the system S is k-inductive, the

representing monad is also epicontinuous.

Theorem 4.2.2. Let S= (¢ : X >T'F L= R) be an equational system with € cocom-
plete. If € has no transfinite chain of proper epimorphisms, and Y is epicontinuous and
k-cocontinuous for some infinite limit ordinal K, then Us: S-Alg — € is monadic and

S-Alg is cocomplete.

4.2.1 Properties of categories of algebras

General conditions for the monadicity and cocompleteness of categories of algebras for

equational systems are given.

Proposition 4.2.3. Let S = (¢ : ¥ > I' = L = R) be an equational system with €
cocomplete. If the forgetful functor Us : S-Alg — € has a left adjoint, S-Alg is a full
reflective subcategory of ¥-Alg, and X-Alg has coequalizers, then S-Alg is cocomplete.

Proof. The category S-Alg has coequalizers since it is a full reflective subcategory of
¥-Alg, which is assumed to have coequalizers. Also, by Proposition [3.3.4 S-Alg is
monadic over 4. Being monadic over a cocomplete category and having coequalizers,
S-Alg is cocomplete (see e.g. [Borceux! (1994, Proposition 4.3.4]). O

Recalling from Lemma that the existence of ¥-algebraic coequalizers implies that

of coequalizers in »-Alg, we obtain the following corollaries.

Corollary 4.2.4. Let S = (¢ : ¥ > I' v L = R) be an equational system. For €

cocomplete, if either of the following conditions hold
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1. ¥ and I' are k-cocontinuous for some infinite limit ordinal K;

2. ¥ is k-cocontinuous for some infinite limit ordinal k, and both ¥ and I' are epicon-

tinuous

then the forgetful functor Us : S-Alg — € is monadic and S-Alg is cocomplete.

Proof. By Proposition and Corollaries |4.1.12|and [4.1.13] it follows that the forgetful
functor Us is monadic; by Corollary [£.1.13] that S-Alg is a full reflective subcategory
of ¥-Alg; and, by Lemma [3.3.5 Corollary [£.1.6] and Theorem [{.1.10, that X-Alg has
coequalizers. Thus, it follows from Proposition that S-Alg is cocomplete. ]

Corollary 4.2.5. Let S = (¢ : ¥ > I' F L = R) be an equational system with €
cocomplete such that the forgetful functor Us : S-Alg — € has a left adjoint. If € has
no transfinite chain of proper epimorphisms, and > is epicontinuous, then the forgetful

functor Us : S-Alg — € is monadic and S-Alg is cocomplete.

Proof. By Proposition [3.3.4] it follows that the forgetful functor Us is monadic; by Corol-
lary that S-Alg is a full reflective subcategory of ¥-Alg; and, by Lemma [3.3.5
Corollary [£.1.6] and Theorem [£.1.11], that 3-Alg has coequalizers. Thus, it follows from
Proposition that S-Alg is cocomplete. O

Remark 4.2.6. Note that in Corollary above Us having a left adjoint is a weaker
condition than Us, doing so, as S-Alg is a full reflective subcategory of ¥-Alg. Indeed,
for the usual powerset monad (2, {-},U) on Set, the endofunctor &2 is epicontinuous, the
category Set has no transfinite chain of proper epimorphisms, and the forgetful functor
from the category Set” of Eilenberg-Moore algebras has a left adjoint, but that from the
category &-Alg of H-algebras has no left adjoint due to a size problem.

4.2.2 Properties of representing monads

The cocontinuity of representing monads of finitary equational systems directly follows

from Proposition |3.3.7]

Corollary 4.2.7. For any infinite limit ordinal , the representing monads of k-finitary

equational systems are k-cocontinuous.

The epicontinuity of representing monads of inductive equational systems follows from

the following two propositions.

Proposition 4.2.8. Let 3 be an endofunctor on a category €. If € is finitely and chain
cocomplete and Y is epicontinuous and k-cocontinuous for some infinite limit ordinal K,
then the monad Ty, induced by the left adjoint to the forgetful functor Us, : ¥-Alg — € is

epicontinuous.
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Proof. Recall from Theorem [4.1.10] and Corollary that the construction (4.1)) stops
at x and yields an initial (X + $(—))-algebra (X,, [7x,7x] : X + X, — X,.) whose
component 7y : %X, — X, is a free Y-algebra on X. The monad T is induced from this

free construction and given as follows:
o T+ X = X, for each object X € ¥, and

e Ty f for each morphism f: X — Y in 4 is the unique morphism making the follow-

ing diagram commutative.

NX, (Tsf) D

Txl
3 T
X, ) SN

s

< 3
h<

=

nx

—
3
=

X%

)..<

Given an epimorphism f: X — Y in %, one can construct a family of epimorphisms
{fa : Xa — Ya }a§,§+1 such that

commutes by setting
o fo=1id;
o for1 = [f+Xf, for all successor ordinals o + 1; and

e f\ as the unique mediating map from the colimiting cone { X, — X, }o<a to the
cone { X, ELR Y, — Y }a<y for all limit ordinals .

nx,7x]~

05X+ B X 42X +20) -+ X, —X+3X, - X, D20, X 4nx,

lo lfﬂo lf+2(f+20) lfw lerEfw ifn (A) lerE(fn)
-1
i

0-5Y +30 Y £V 450) - YooV Y, - YLy hy

colim

From the commutativity of the subdiagram (A), it follows that f. o nx = ny o f and that
froTx =71y 0 3(fx). Thus, Txf = f, is an epimorphism. ]

Proposition 4.2.9. LetS = (¢ : ¥ > I' = L = R) be an equational system with € finitely
and chain cocomplete. If 3 is both epicontinuous and k-cocontinuous for some infinite
limat ordinal k, and if I is either epicontinuous or k-cocontinuous, then the representing

monad Ts of S is epicontinuous.
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Proof. By Corollaries 4.1.12) and |4.1.13] for X € €, the free S-algebra (75X, Tx) over the
free ¥-algebra (15X, 7x) on X is given by means of the constructions and . As X is
epicontinuous, it follows that the universal homomorphism ¢x : (T X, 7x) — (TsX, Tx)
is epimorphic in €. Thus, by Proposition for every epimorphism f : X — Y we

have the following situation

Te X 5 Te X

e N |

TZY T% TSY

and, as Tsf o qx = qy o Tx f is an epimorphism, so is Tsf. O]

Corollary 4.2.10. For any infinite limit ordinal k, the representing monads of k-inductive

equational systems are epicontinuous.

4.2.3 Properties of categories of finitary and inductive

equational systems

The cocompleteness of the categories of finitary and of inductive equational systems on a
cocomplete category follows as a corollary of Proposition [3.3.10]

Corollary 4.2.11. For a cocomplete category € and an infinite limit ordinal k, the full
subcategories k-FINES (%) and k-IndES(€) of ES(€) respectively consisting of k-finitary

equational systems and of k-inductive equational systems are cocomplete.

Proof. Asevery r-finitary (resp. k-inductive) equational system has a representing monad,
it follows from Proposition that small coproducts and coequalizers of s-finitary
(resp. k-inductive) equational systems exist in ES(%’). Moreover, that those colimits in
ES(%) are also k-finitary (resp. s-inductive) follows from and (3.6), and from the
fact that representing monads of k-finitary (resp. k-inductive) equational systems are
k-cocontinuous (and epicontinuous), by Corollary (and Corollary [£.2.10)). Thus, the
categories k-FinES (%) and x-IndES(%) have small colimits. O

4.3 Examples

We revisit the examples of equational systems given in Section in the light of the

results of this chapter.

1. See item|I|of Section (as every algebraic theory induces an w-inductive equational

system).

2. For the equational system Sy = (4p : Yr > I'tr = Ly = Ry) representing an
enriched algebraic theory T = (%, %, E), as the system St is w-finitary, we can apply
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Theorem as follows: the category St-Alg is monadic over %, and cocomplete;
and the free-algebra monad (i.e., the representing monad of St) is w-cocontinuous.
By Proposition [3.3.7] the free-algebra monad can be further shown to be finitary

(i.e., it preserves filtered colimits), as the endofunctors ¥p and 'y are finitary.

. One may apply Theorem to the equational system St representing a monad
T = (T,n, ) on a cocomplete category % as follows. If T is k-cocontinuous for

some infinite limit ordinal &, then Sp-Alg = €T is cocomplete.

One may also apply Corollary as follows. If % has no transfinite chain of

proper epimorphisms and 7' is epicontinuous, then Sp-Alg = €T is cocomplete.

Moreover, for an infinite limit ordinal k, the category of k-cocontinuous monads on

a cocomplete category € is equivalent to the category k-FinES(%’) through

a) the embedding sending a monad T to the equational system St (see item |3 of
Section , and

b) the embedding sending a r-finitary equational system to its representing monad.

Thus, by Corollary 4.2.11} it follows that the category of k-cocontinuous monads

on % is cocomplete.

Similarly, one can show that the category FinMnd(%') of finitary monads (i.e.,
those that preserve filtered colimits) on a cocomplete category % is equivalent to
the full subcategory of ES(%) consisting of equational systems whose functorial
signatures and contexts preserve filtered colimits. As every functor preserving col-
imits of k-chains for all infinite ordinal x is finitary, and vice versa, the above
full subcategory is the intersection of the full subcategories xk-FinES(%) in ES(%)
for all infinite limit ordinals . Since, by Corollary [4.2.11] the full subcategories
k-FInES (%) of ES(¢¥) are closed under the colimits given by Proposition [3.3.10} it
follows that the category FinMnd(%’) is cocomplete.

. To the equational system Syion(%) of monoids in a cocomplete monoidal category ¢,
we can apply Theorem [4.2.1| as follows. If the tensor product ® : € X € — € is
r-cocontinuous for some infinite limit ordinal x (as it happens, for instance, when
it is biclosed) then Sion#)-Alg (i.e., the category of monoids in €’) is cocomplete
and monadic over ¥, and the free-monoid monad (i.e., the representing monad
of Smon()) is k-cocontinuous. If, in addition, the tensor product is epicontinuous
(again, as it happens when it is biclosed), then so does the free-monoid monad. Fur-
thermore, by Proposition m, if the tensor product is finitary (also as it happens

when it is biclosed) then the free-monoid monad is finitary.

. To the equational cosystem Scomon() Of comonoids in a complete monoidal cate-
gory %, we may apply the dual version of Theorem as follows. If the tensor

I0)



4.

(GENERAL THEORY OF EQUATIONAL SYSTEMS

76

product ® : € X € — € preserves limits of k-cochains for some infinite limit or-
dinal & then Scomon(#)-CoAlg (i.e., the category of comonoids in ¢) is complete
and comonadic over ¢, and the cofree-comonoid comonad (i.e., the representing
comonad of Scomon(#)) preserves limits of r-cochains. If, in addition, the tensor

product preserves monomorphisms, then so does the free-monoid monad.



Chapter 5
Applications

For the two modern applications, m-algebras |Stark 2005, 2008] and 3-monoids [Fiore
et al.||1999], we discuss

e difficulties in representing these notions as enriched algebraic theories,
e the encoding of the notions into equational systems, and

e properties of theirs obtainable from the theory of equational systems.

5.1 Algebras for pi-calculus

We briefly discuss the concept of m-algebras, an algebraic model of the finitary m-calculus
introduced by Stark in [Stark [2005], as algebras for an equational system. The existence
of free models is deduced from the theory of equational systems.

We need consider the presheaf category Set', for I the (essentially small) category of
finite sets and injections. The category carries an affine doubly closed structure (see [Pym
2002]): the cartesian closed structure (1, x, (:)(7)) and the symmetric monoidal closed
structure (1,®, (=) —o (=)) with the unit 1 being terminal. The symmetric monoidal
closed structure is induced from the symmetric monoidal structure (), W) on I by Day’s
construction [Day||1970] for & the disjoint-union tensor on I. As the unit for the tensor ®

is a terminal object, it has the projection maps

P XY 2L Xel— X
P i XV -2 19y — oy

and the natural transformation ontoxy : yX = (X — Y') given as the transpose of the

composite
YX®XM>YX % X%Y

The presheaf of names N € Set' is the inclusion of I into Set (i.e., the functor sending
a finite set s € I to the same set s € Set).
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A 7-algebra is given by an object A € Set! together with operations nil : 1 — A,
choice : A2 — A, out : NXxNxA — A in: NxAYV — A tau: A — A, and
new : (N — A) — A satisfying the equations of [Stark 2008, Sections 3.1-3.3 and 3.5].
These algebras, and their homomorphisms, form the category PZ(Set").

As mentioned in [Starkl 2005, 2008], it is difficult to express m-algebras as algebras for
an enriched algebraic theory: m-algebras need two enrichments, while enriched algebraic
theories treat only one. More specifically, the operation new : (N — A) — A is an
operation in Set' enriched over itself with the monoidal closed structure (®, —o); whilst the
other operations of 7-algebras are operations in Set' enriched over itself with the cartesian
closed structure. Thus one cannot use enriched algebraic theories to show the existence of
free m-algebras, i.e., that of a left adjoint to the forgetful functor U, : PZ(Set') — Set!

taking a m-algebra to its carrier object.

Remark 5.1.1. Using the technique recently developed by [Staton| [2009], 7-algebras can
be represented as algebras for an enriched algebraic theory based on a special category
other than Set.

On the other hand, m-algebras are directly represented as algebras for an equational
system. The operations and the equations for m-algebras yield a functorial signature and

functorial equations as follows. The functorial signature ¥, on Set! is given by setting
Y(A) =14+ A2+ (NXxNxA)+(Nx A+ A+ (N — A).

In [Stark 2008], the equations for m-algebras are given as certain commuting diagrams. It
is easily seen that those commuting diagrams, by uncurryfication, directly define functorial
equations. As an example, we consider the equation establishing the inactivity of a process

that inputs on a restricted channel:

! nil

AN : 1 A

inl
onto ne

AN ——— N o A—— A

where the map in : AN — AN denotes the transpose of the operation in : N x AN — A.
The commuting diagram directly yields a pair of functors ¥.-Alg —= (—)N -Alg over Set!.
The functoriality of these functorial terms holds because onto is a natural transformation.

The functorial signature ¥, and the functorial equations induced from the axioms of
m-algebras constitute an equational system S, on Set' such that S,-Alg = PZ(Set').
From the fact that the presheaves N and 2 are finitely presentable in Set’, it follows that
the functorial signature and equation of S; are finitary (or equivalently, x-cocontinuous
for every infinite limit ordinal k). Since the equational system S, is k-finitary for every
infinite limit ordinal x, the following result follows from Theorem [4.2.1]

Proposition 5.1.2. The category of m-algebras PI(Set') = S.-Alg is cocomplete and

monadic over Set' with the induced monad being finitary.
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The above discussion also applies more generally to axiomatic settings as in [Fiore

et al.[2002] and, in particular, to m-algebras over nominal sets, wCpo', etc.

5.2 Algebras with monoid structure

Following [Fiore et al./[1999, Fiore 2008], we introduce the concept of ¥-monoid, for an
endofunctor ¥ with a pointed strength, and consider it from the point of view of equational
systems. The theory of equational systems is then used to provide an explicit description
of free ¥-monoids. We then show that, for X, the functorial signature of the lambda
calculus, the (7 identities are straightforwardly expressible as functorial equations. The
theory of equational systems is further used to relate the arising algebraic models by
adjunctions.

5.2.1 Y-monoids

Let 3 be an endofunctor on a monoidal category € = (¢, ®, I, a, A, p). A pointed strength

for X is a natural transformation
StX’(y’y;[Hy) : Z(X) QRY — 2<X ®Y) D E X (I/(g) — €

satisfying coherence conditions analogous to those of strengths [Kock [1972]:

Sta,(1,id}:1—1)

YA I Y(A®I)
\ lE(PA)
Px(A)
S (A)

StAQB,(C,c:I—C)

(X(A)®B)eC sta,(B,b:1—B)®C 5

laz(m,B,c

2(A)®(BCO)
commute for all A€ ¢ and (B,b:1 — B),(C,c: I —C)e€l/¥%.

A®B)®C S(A® B) @ C)
JZ(QA,B,C)

Y(A® (B (O))

StA,(B@C,(b@a)o,;;l I—B®C)

Remark 5.2.1. The notion of pointed strength arises as a special case of that of strength

for actions of monoidal categories (see [Fiore/[2008] and also [Janelidze and Kelly|2001]

and Section [6.1)).

For an endofunctor ¥ with a pointed strength st on a monoidal category %, the
category of X-monoids 3-Mon(%) has objects given by quadruples (X, s, m,e) where
(X,s:2XX — X)is a X-algebra and (X,m: X ® X — X,e: [ — X) is a monoid in ¢

satisfying a compatibility law, which requires that

DX @ X) " n(X)

X,e:I—X)

D(X) @ X X,

S®XJ/

X®X m X
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should commute; morphisms are maps of 4 which are both Y-algebra and monoid homo-

morphisms.

5.2.2 Equational system and free construction for >-monoids

There are some problems with turning »-monoids into algebras for an enriched alge-
braic theory. First, if the monoidal category % is not closed, then % is not enriched
over itself. More importantly, even when % is closed, one cannot express the operation
m: X ®X — X as an operation in an enriched algebraic theory in general. However,
equational systems are free from these problems.

Let € = (¢,®,1,a,)\ p) be a monoidal category with binary coproducts. For an
endofunctor ¥ on ¥ with a pointed strength st, the equational system My of ¥-monoids
is defined as

(¢ : Fs > Gs F Ly = Ry)

with
(X)) = S(X) + (X®X) + 1
Ge(X) = (X@X)®X) + (IeX)+ (X®I) + (B(X)®X)

Ls(X, [s,m,e])
= (X, | mo (m® idy) , Ax , Px ; mo (s®idx) )
Rx (X, [s,m,e€])

= (X, [mo(idy ®m)oaxxx ,mo(e®idx), mo (idy ®e) , so3(m)ostx xe ).

The functoriality of Ly, and Ry follow from the naturality of «, A, p and st. By construc-
tion, My-Alg is (isomorphic to) ¥-Mon(%).

Consequently, one can apply the theory of equational systems developed in the pre-
vious chapters to the algebra of ¥-monoids. For instance, if € is cocomplete, and the
endofunctor X : ¥ — € and the tensor product ® : €% — € are w-cocontinuous and epi-
continuous, then the equational system My is w-inductive. Thus, by Theorem [{.2.1] it
follows that ¥-Mon(%’) is monadic over € and that free 3-monoids on objects in € can
be constructed as in the diagram followed by .

While this provides a categorical construction of free ¥-monoids, when the monoidal
structure is closed, we can go further and give a more explicit description of free >-monoids

exploiting the following fact.

e When % is monoidal closed, if the initial (I + X(—))-algebra puX.I + XX exists,
then the initial >-monoid exists and has carrier object uX. I + XX equipped with

an appropriate Y-monoid structure (see |[Fiore et al.[[1999]).

Assume that the monoidal category % is (right-)closed. By Proposition [3.3.3] a free

Y-monoid over A € € is an initial M#-algebra for the equational system

Mg = (€ : (A+ Fo(=)) > Gu F LyUs = Ry Ua) ,
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where Uy denotes the forgetful functor (A + Fx(—))-Alg — Fx-Alg. Furthermore, for

the endofunctor (A ® —) + X(—) on ¥ with the pointed strength given by the composite
(A X)+3X)) oY

~ (AX)®Y)+X(X)®Y

@A XY TStx (v,y)

(A (X®Y)+Z(X®Y) ,

one can easily establish the isomorphism p : M#-Alg = Mag—)+x(-)-Alg : ¢ with the
maps p and ¢ given by

p(X, la,s,mye] : A+ XX + XX +1 — X)
= (X, [mo(a®idx),s,m,e] : AQX + 33X + XX 4+ — X)

(X, [b,s,mye] : ARX + XX + XX +1 — X)
= (X, po(ida®e)opys,mel : A+ EX + X®@X +1 — X).

Thus, we have the following result (see also |Fiore2008]).

e When the monoidal category ¥ is closed, for any object A € ¥, if the initial
(I4+(A®—)+3(—))-algebra uX. I+ A® X + XX exists, then the free ¥-monoid on A
exists and has carrier object uX.I + A® X + XX equipped with an appropriate

Y-monoid structure.

5.2.3 Lambda-calculus algebras

As a concrete example, we consider the A-calculus, whose models are given as »-monoids
on the presheaf category Set”, for F the (essentially small) category of finite sets and
functions.

We quickly review the structure of Set”. Besides the cartesian closed structure, the
presheaf category Set” is equipped with the substitution monoidal structure (o, V), where
the unit V' is the embedding of F into Set given by V(n) = n for each n € F, and the
tensor e is given by the coend formula

kelF

(X oY) (n) = X (k) x (Yn)*.

This substitution monoidal structure is closed. We call the exponentiation (—)" on Set”
(i.e., the right adjoint to (—) x V') the shift functor because, for any presheaf X € Set”
and finite set n € F , the set XV (n) can be presented as X(n + 1).

A X-prealgebra [Fiore et al.|[1999] is a ¥ -monoid for the endofunctor ¥ given by

WX =XV 4+ X2

with a suitable pointed strength on the presheaf category Set®. The components of a

Y \-monoid
(X, [abs, app, sub, var] : XV 4+ X%+ (XeX)+V — X)
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provide interpretations of A-abstraction (abs : XV — X)), application (app : X? —
X), capture-avoiding simultaneous substitution (sub: X e X — X), and variables (var :
V — X). The initial ¥y-monoid has carrier object uX.V + XV + X2 which consists of
a-equivalence classes of A-terms with variables from V', and thus provides an abstract
notion of syntax for the A-calculus (see [Fiore et al.|[1999]). The free ¥ -monoid on a
presheaf M € Set” has carrier object pX.V + (M o X) + XV + X2, and provides an
abstract syntax for the A-calculus with (first-order) variables from V' and second-order
variables from M. This syntactic description of free ¥ -monoids has been considered
in [Hamana|[2004}, Fiore 2008].

The Bn identities for a A-prealgebra on X are expressed, in the internal language, by

the following equations

() f: XY, X app(abs(f), x) = sub(f(z)) : X
(n)  x:X F abs(\v:V.app(z,varv)) = z : X

where the map —(=) : XV x X — X e X embeds X" x X into X e X. Indeed, the

equations stand for the following commuting diagrams:

—(=) x: X F Av:V.app(z,varv)

XVx X —————XeX X XV
JabsxX J{sub idx Jabs
X x X e X X

where the map x : X F Av: V.app(z,varv) is the transpose of the composite

Xx V2 v x - L, x.

These commuting diagrams provide a functorial equation
Lg, = Rg, : Fx,-Alg — Gpg,-Alg ,
for Gg,(X) = (XY x X) + X, and yield the equational system of A-terms
Ms, /gy = (SetF t Fy, > (Gs, + Gpy) F [Ls,, Lgy| = [Rs,, Ray))

from My, = (Set” : Fy, > Gy, F Ly, = Ry,).

From the coend formula of the substitution tensor e and the fact that filtered colimits
commute with finite limits in Set, it follows that the tensor e : Set™ x Set® — Set" pre-
serves filtered colimits. Also, from the coend formula, the tensor e is easily shown to be
epicontinuous. It is not hard to show that the endofunctors (—)" and (—)? are epicontin-
uous and w-cocontinuous. Hence the endofunctors Fy,, Gy, , and G, are epicontinuous

and w-cocontinuous. Thus the equational systems My, and My, /g, are w-inductive. From
one application of Theorem [3.2.6] and two applications of Theorem [3.2.8] we obtain the
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5.2. Algebras with monoid structure

adjunctions V U, Kl = Jl and KLQ = Jl JQ, and thus we have that K2 = KLQ Jl = Jg
as in the diagram below:
K2
M
K> L K
MEA /ﬁn—Alg C#) MEA—Alg Ci) FEA—AIg
h "l
V|4|U

Set”

Further, by examining the construction (3.4)), given in Section , of the free
My, /g,-algebra over the initial My, -algebra along K, .Ji, one sees that the presheaf
of a-equivalence classes of A-terms is first quotiented by the (n identities, and then by
the congruence rules for the operations abs, app, and sub. It follows that the initial

My, / gn-algebra is the presheaf of afn-equivalence classes of A-terms.
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Chapter 6
Term equational systems

We introduce a notion of system of equations, called Term Equational System (TES),
which is more concrete than that of Equational System (ES) but more general than that
of enriched algebraic theory, in the sense that one can represent every TES as an ES, and
every enriched algebraic theory as a TES. Thus the theory developed for ESs in Part
such as the construction of free algebras, also applies to TESs. Moreover, we present
equational logics for TESs in Chapter [7, which is the main purpose of the development
of TESs.

In Section[6.1] we review the notion of action of a monoidal category (see e.g. [Janelidze
and Kelly|[2001]), to be used through Part and study its relationship with the well-
known notion of enriched category (see e.g. [Kelly|[1982]).

In Section [6.2] we motivate the definition and the model theory of term equational
system.

In Section [6.3] the notion of term equational system is defined. TESs embody a
semantic universe together with notions of abstract syntax and equation. A semantic
universe for TESs, called TES-universe, is technically a category equipped with a bi-
closed action of a monoidal category. Main examples of TES-universes are tensored and
cotensored categories enriched over monoidal closed categories. More familiar examples
are symmetric monoidal closed categories.

A notion of abstract syntax for TESs, called TES-syntax, on a TES-universe is given
by a monad equipped with a strength on the underlying category of the TES-universe. In
particular, when a TES-universe is given as an enriched tensored and cotensored category
(resp. as a symmetric monoidal closed category), the notion of TES-syntax on it amounts
to that of enriched monad (resp. that of strong monad in the sense of [Kock [1972]).

Given a TES-syntax with underlying monad T = (7,7, ) on a TES-universe with
underlying category %, the object TA € € for A € € intuitively consists of terms with
variables in A. As it is well-established from categorical logic (see e.g. [Mac Lane and
Moerdijk|[1992]), we consider generalized elements of the object T'A (i.e., morphisms of the
form C' — T A for C' € €) as a concrete notion of term, called TES-term, of arity A and
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coarity C'. A pair of TES-terms with the same arity and coarity defines a TES-equation.
Finally, a term equational system is given by a TES-universe, a TES-syntax on it and a
set of TES-equations for the TES-syntax.

In Section a model theory for TESs is presented; that is, a notion of model
for TESs and a satisfaction relation between models and TES-equations are given. In
particular, if a TES is given by a symmetric monoidal closed category (¢, ®,[—,=]), a
strong monad T = (7T',n, p,st) on it and a set of TES-equations F, then models for the
TES are Eilenberg-Moore algebras (X,s : TX — X) for the monad T satisfying the
equations in ¥, in the sense that the following diagram commutes for every TES-equation

(u=v:C—TA) € E:

[A,X]®t stia,x],A T(ex) s
A.X]© 0D 4,.X] 9 T4 T4, X] © ) — o TX 5 X
X Qt2

6.1 Actions of monoidal categories

We briefly review the notion of action of a monoidal category and study its relationship

to the notion of enriched category.

6.1.1 Actions and strengths

The notion of action of a monoidal category is a generalization of the usual concept of
monoid action. Indeed, an action of a discrete monoidal category on a discrete category
amounts to an action of a monoid on a set.

Let (¥, 1,a, )\, p) be a monoidal category. A ¥ -action (%,*,&,X) is given by a
category €, a functor x : ¥ x € — ¥ and natural isomorphisms XC I+C > C and
avve: (U-V)xC S U (V C), subject to the following coherence conditions:

I V) %O T (VO)  (V-DxC-% V4 (I0)

m l)‘V*C M lv*)\c

Vx(C VxC
(U-V)- W)« C S (v - W)+ € 22N 0w (V- W) % O)

laUV,W,C

(U-V)x (W xC)

QU V,WxC

lU*&V, w,C
(

Ux (Vx(W=xC))

A ¥ -strong functor (F,st) from a ¥ -action (€, x*,a, X) to another one (2, ¥/, &’,X’)
consists of a functor F': € — & between the underlying categories and a ¥ -strength st
for the functor F; i.e., a natural transformation sty : V' FC — F(V*C) : ¥ X€ — 9,
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subject to the following coherence conditions:

~/
ayv,rc Ux'sty,c

[« FC—LS5F(I+0)  (U-V)+ FC U« (V« FC) U+ F(V % C)

\ lF(;\C) lStU‘V,C lStU,V*C
pV ~
FC F(ay,v,c)

FC F(U-V)*C) FU = (V +C))

Note that the strength need not be a natural isomorphism, and hence that it is a lax
notion of morphism between ¥ -actions.

A ¥ -strong monad (T,st) on a ¥-action (%, *) consists of a monad T = (7,7, 1) on
the underlying category € and a ¥ -strength st for the monad T; i.e., a ¥ -strength st for
the underlying functor T satisfying two further coherence conditions:

T(sty,c)

VTCO—2S5T(VsC)  VsTTCO 25TV TC) —~SSTT(V # C)

V*WCT . JV*;AC luwo

sty,c

VxC VxTC TV «C)

A ¥V -strong functor morphism k : (F,st) — (G,st’) between ¥ -strong functors from
(¢, %) to (Z,+') is a natural transformation k : F' — G between the underlying functors

such that the following diagram commutes:

Ve FC S F(V X C)
Vi'ke JHV*C

stl, o
V¥ GO——G(V ()

A ¥-action (€, *) is called right-closed, or just closed, if the functors (=)« C' : ¥ — €
for all C' € € have right adjoints; these we call right-homs and denote by €(C,—) : € — V.
On the other hand, it is called left-closed if the functors V (=) : ¢ — € for all V € ¥
have right adjoints; these we call left-homs and denote by [V,—]: % — €. When a
¥ -action is both left and right closed, it is said to be bi-closed.

6.1.2 Relationship to enriched categories

For a monoidal category ¥, every right-closed ¥-action (%, *) induces a ¥ -enriched
category, whose hom-objects are given by right-homs & (—, =). The detailed construction

is given in Appendix [A] Furthermore, one can show the following.

e To give a ¥ -strong functor between right-closed ¥ -actions is equivalent to giving a

¥ -enriched functor between the associated ¥ -enriched categories.

e To give a ¥ -strong monad between right-closed ¥ '-actions is equivalent to giving a

¥ -enriched monad between the associated #-enriched categories.
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e To give a #'-strong functor morphism between # -strong functors from a right-closed
¥ -action to another right-closed one is equivalent to giving a #-enriched natural

transformation between the associated ¥ -enriched functors.

We remark that when ¥ is monoidal closed, the notion of right-closed ¥ -action es-
sentially amounts to that of ¥ -enriched tensored category (see [Janelidze and Kelly|[2001,
Section 6]). However, in this case, requiring left-closedness for right-closed #-actions is
weaker than requiring cotensors for the corresponding 7 -enriched tensored categories;
because the former requires V * (—) to have a right adjoint, but the latter further requires
the adjunction to be enriched. The difference between the two conditions vanishes when
¥ is symmetric monoidal closed. For example, every monoidal bi-closed category ¥ yields
a bi-closed ¥ -action on itself, but not a #-enriched tensored and cotensored category in

general unless 7 is symmetric.

6.2 Motivation

We motivate the definition and the model theory of term equational system.

Following the spirit of equational systems, we start by considering an endofunctor ¥
on a category € as a signature specifying algebraic operators, and Y-algebras as inter-
pretations of the operators. Recall that the intuition behind a free ¥-algebra (Ty X, 7x)
on an object X in ¥, if it exists, is that the carrier object Ty X consists of terms built
up from operators in the signature > and variables in the object X. Thus, requiring the
existence of free Y-algebras, we consider generalized elements of the objects Ty X as a
concrete notion of terms of arity X. More precisely, a generalized element t : C' — TgA
is called a generalized term of arity A and coarity C.

Although the above scenario applies in most applications, one may need go beyond it.
For instance, the monad representing second-order abstract syntax [Hamana [2004} Fiore
2008] is not a monad induced from free Y-algebras for an endofunctor 3, but a monad
induced from free -monoids for an endofunctor . Thus, we more generally consider an
arbitrary monad T as a syntax specifying algebraic terms, and Eilenberg-Moore algebras
for the monad T as interpretations of the terms. Note that this generalize the above
setting because X-algebras for an endofunctor X bijectively correspond to Eilenberg-Moore
algebras for the monad Ty, arising from free Y-algebras.

We now turn to the model theory. One may simply interpret a generalized equation
(i.e., a pair of generalized terms with the same arity and coarity) as follows. For a monad
T on a category ¢, an Eilenberg-Moore algebra (X,s : TX — X) satisfies an equation
t1 =ty : C — TA if, for all valuations v : A — X of A in X, the following diagram

commutes:

131 T(v s
Ct—iTA ) TX

X .
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6.3. Term equational systems

Intuitively, the maps ¢; and t5 point to two terms with variables in A depending paramet-
rically on (', and the terms are evaluated to values in X according to the interpretation
v of variables and the interpretation s of operators.

Although the model theory of (multi-sorted) algebraic theories arises in this way, we
need a more general notion of model theory for TESs in order to accommodate model
theories of other applications such as nominal equational theories. To this end, we first
reformulate the above interpretation of equations as follows. For a monad T on a locally
small category € with small coproducts, an Eilenberg-Moore algebra (X, s : TX — X)
satisfies an equation t; =ty : C' — TA if the following diagram commutes:

Hvewax)tr

; [T(o)lvews(a, T([v]vew(a,x)) s
Hve%(A,X) C—= Hve‘é(A,X) TA =, T(HUE%”(A,X) A) —n, TX — X

ved(A,X) b2

where ¢’ (—,=) denotes the homsets of the category 4. We observe that the copower
® : Set x € — ¢, defined by S ® C' =[],
category Set on the category ; that the homsets € (—, =) forms right-homs of the action

C, gives rise to an action of the cartesian

with evaluation maps

ex 1 C(AX)®A= Hoeeax) A M>X ;

and that the monad T has the canonical strength
stsq: S@®TA=]],gTA TS p] _ A)=T(S® A).

From this observation, we see that the above diagram can be turned into the following:

C(A,X)Rt1 Ste(a,x),A T(EBA() s
GAX) 00— F(A,X) @ TAEA P4 X) @A) — Xy 5, x
C(A,X) Rt

Thus, we generalize the model theory by considering this diagram for an arbitrary right-
closed action of a monoidal category on the base category % and an arbitrary strength
for the monad T.

In summary, a TES is given by a base category % equipped with a right-closed action
of a monoidal category ¥, a monad T on ¥ with a strength st, and a set I of generalized
equations. We conclude this motivation by emphasizing that the notions of term, equation
and algebra only depend on the base category ¢ and the monad T, but the interpretation
of equations depends parametrically on the ¥ -action structure * on % and the strength st
for the monad T.

6.3 Term equational systems

We introduce the notions of TES-universe, TES-syntax and TES-equation that lead to
the concept of Term Equational System (TES).

91



6. TERM EQUATIONAL SYSTEMS

The notion of TES-universe is defined as in the previous motivation with the additional
assumption that the action is also left-closed. This will be crucial to our discussion on

equational reasoning for TESs to be introduced in Chapter [7]

Definition 6.3.1 (TES-universe). A TES-universe (¢, ,*) consists of a monoidal cat-
egory ¥ and a bi-closed ¥ -action (€, ).

Example 6.3.2. We give examples of TES-universe. Note that the monoidal categories ¥’

of TES-universes need not be closed, though they are so in these examples.

1. Every category € with small coproducts and products gives rise to the TES-universe
(¢, Set, x) for Set with the cartesian structure, where the actions V *C, right-homs
¢ (C, D) and left-homs [V, C] are respectively given by the coproducts [ [, C, the
hom-sets €' (C, D) and the products [], ., C.

2. Every monoidal bi-closed category (¢, ®, I, [—, =|g, [—, =], ) induces the TES-universe
(¢,%¢,®) with right-homs € (C, D) and left-homs [C, D] respectively given by
[C, D]g and [C, D],. In particular, every symmetric monoidal closed category in-

duces a TES-universe, as it can be seen as a monoidal bi-closed category.

3. For ¥ monoidal closed, every ¥ -enriched category ¥ with tensor ® and cotensor M
gives rise to the TES-universe (%5, 7', ®¢) for €, and ® respectively the underlying
ordinary category and functor of ¢’ and ®, where the right-homs %, (C, D) and left-
homs [V, C] are respectively given by the hom-objects € (C, D) and the cotensors
V.

4. From a family of TES-universes {U; = (6;, V', *;) }icr for a small set I, when ¥ has
I-indexed products, we obtain the product TES-universe [[,., U; = (€, ¥, *), where
the underlying category ¢ is given by the product category [[,.; 4; and where the
actions V' * {C;}ier, right-homs € ({C; }ier, { Di}tier) and left-homs [V, {C;}ie/] are
respectively given by {V *; Ci}ticr, [1,e; 6(Cs, D;) and {[V, Ci], }ier-

The last construction is particularly useful for specifying multi-sorted TESs. When

U is a TES-universe for a single-sorted system, the product universe [] o for a set of

sorts S typically serves as a TES-universe for the S-sorted version of the system (see Sec-

tion [8.1]).

Definition 6.3.3 (TES-syntax). A TES-syntax (T,st) on a TES-universe (¢, 7, x*) is
given by a #-strong monad (T, st) on the ¥ -action (%, *).

Strong monads for TESs commonly arise from free algebras for strong endofunctors as

in the proposition below. The proof of the proposition is given at the end of the section.
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6.3. Term equational systems

Proposition 6.3.4. For a TES-universe (¢, ,%) and a ¥ -strong endofunctor (F,st)
on €, we assume that the forgetful functor Up : F-Alg — € has a left adjoint and let
T = (T,n, 1) be the induced monad on €. Then, T becomes a strong monad, with the

components of the strength st given by the unique maps such that

Vs FTC 7 PV« TO) 2V prev « ©)

J{V*-rc JTV*C
sty o

VeTC—— -2t L ST(V +C) (6.1)
TV*"%)
VxC

commutes, where (T'X,7x : FTX — TX) denotes the free F-algebra on X.

The intuition here is that the object F'.X consists of operators applied to variables in X
(i.e., terms of depth 1 with variables in X), and the strength sty x : V * FX — F(V % X)
puts values from V inside the operators in the terms in F'X. The object T'X consists of
arbitrary terms (of any finite depth) inductively constructed from the variables in X and
the operators in F. The strength st : V « TX — T(V % X) recursively puts values from

V inside the operators in the terms in 7'X according to the strength st.

For a TES-syntax T = (T, n, p,st) on a TES-universe U, we regard generalized el-
ements C' — TA of objects T'A (i.e., Kleisli maps) as a concrete notion of term with

variables in A parameterized by C.

Definition 6.3.5 (TES-term and TES-equation). Let (%, ¥, %) be a TES-universe and
T = (T,n, u,st) be a TES-syntax on it. A TES-term of arity A and coarity C for the
TES-syntax T is a morphism C' — TA in . A pair of TES-terms t =t': C' — TA is
called a TES-equation.

Definition 6.3.6 (Term equational system). A TES S = (¢,7,*,T, E) consists of a
TES-universe (¢, 7, %), a TES-syntax T = (T, 7, i, st) and a set of TES-equations E.

For simplicity, when a TES-syntax is denoted by T, we implicitly assume that the
underlying structure of T is denoted by (T, 7, u, st).

Example 6.3.7 (TESs for algebraic theories). We encode an algebraic theory T = (X, F)
into a TES. Recall that the signature X induces the endofunctor Fy on Set, defined by
setting F(X) = [[,ox X!, such that -Alg = Fy-Alg. Also, the forgetful functor
Fs-Alg — Set is monadic and the induced monad Ty = (Tx, n*, u*) is given syntacti-
cally: for a set V of variables, the set T5 (V') consists of terms built up from the variables
in V' and the operators in .

One can induce a bi-closed action of a monoidal category on the category Set by
means of Example or because Set has small products and coproducts, and
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also Set is cartesian closed. Indeed, both ways induce the same action of the cartesian
category Set on the base category Set: the cartesian product x : Set x Set — Set.

The functor Fs, has the canonical Set-strength st : U x Fx(V) — F5(U x V') mapping
a pair (u, Lo(v1, .. ., Vo)) t0 to((u,v1), ..., (u,v)0))). Following the parameterized induction
scheme , the strength st : U x Tx(V) — T(U x V) for the monad T maps a pair
(u,t) to the term t{v — (u,v)},cv obtained by simultaneously substituting (u,v) for each
variable v € V' in the term ¢.

By definition, each equation V' 1 = r in E is given by a pair of terms [, r € T (V), or
equivalently, by a pair of maps (1)), (r)) : 1 — Tx(V'). Thus, we can encode the algebraic
theory T as the TES (T)) = (Set, Set, x, Ty, (F))) with the set of TES-equations {(E))
given by { () =(r) : 1 =TV | (VFI=r)e E}.

Proof of Proposition We prove a more general proposition, wviz. Proposi-
tion [6.3.9, from which Proposition follows as a corollary. Proposition is later
used in Section [7.2]

Definition 6.3.8. For a monoidal category ¥ and a strong endofunctor (F,st) on a left-
closed ¥ -action (%, *), we have the endofunctor [V, —] on F-Alg for each V' € ¥ defined
by setting

[V.(X,s: FX = X)] = ([V.X],s": F[V.X] — [V, X])

Sty [v,X] F(eX)

for s’ the transpose of V % F[V, X] ——— F(V = [V, X]) FX——X.

Proposition 6.3.9. For a monoidal category ¥, let (F,st) be a strong endofunctor on
a left-closed ¥ -action (€ ,*) and let o/ be a full subcategory of F-Alg closed under the
operation [V, —] for every V€ ¥'. We also assume that the forgetful functor o — € has
a left adjoint, sending X € € to (TX,7x : FTX — TX) € o/, and let T = (T, n, ) be
the associated monad.

o — F-Alg

¢

1. For every (Yt : FY —=Y)e o andmap f: VX =Y withV € ¥ ,C € €, there
uniquely exists a map f7 : V+«TX — Y such that the following diagram commutes:

Then, the following hold.

#
FV«TX) YD,

sty,Tx

Vo« F(TX) F(Y)
Jvo | o

VxTX Y
TV*”/

VX
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2. T becomes a strong monad, with the components of the strength st given by the

unique maps such that the following diagram commutes:

stv,c

Vs FTC % PV« TO) 2V pr(v « 0)

lV*TC lTV*C
sty ¢

VsTC--———-——— e +T(V *C) (6.3)
TV*"%
VxC

Proof. Proof of [l For every (Y,t : FY — Y) € & andmap f : VX — Y,
the F-algebra [V,(Y,t)] is in & since the category 7 is closed under the operation
[V,—]. Thus, by the universal property of the adjunction, there uniquely exists a map
f#:V +«TX — Y making the following diagram commutative:

PTX)—"D L p vy

TXJ l[v,(Y,t)]]o

TX ke [V, Y]
nxT /
X

where f and f# respectively denote the transposes of the maps f and f#. Recall from
Notation that A° denotes the structure map of an F-algebra A for an endofunctor F'.
By transposing the above diagram, we obtain the diagram ([6.2)) because the following

diagram commutes:

S #
Vi F(TX) =2 L pv o« 1x) 27 py)
I |
sty [v,v] Y
Ve F(IV,Y]) 2% v s v, Y]) :
JV*W(YW (A)
eV
Vx[VY] Y Y

where the commutativity of the diagram (A) follows from the definition of the F-algebra
[V, (Y,t)]. Hence, there exists a unique map f# : V+TX — Y such that the diagram (6.2)

commutes.

Proof of [2| First, by item , we know that such maps gtvﬁc uniquely exist. Now we need
to show that g\tv,c is natural in V' and C', and satisfies the four coherence conditions of
strength.

The naturality of st, i.e., the equality

T(f *g) o stvc = styrcr o (f *T(g))
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forevery f: V — V' in ¥ and g : C — C’in €, follows from item[I]and the commutativity

of the following two diagrams:

Vs PTC 2% PV + TC) 22 pr(v « ) 29 prgyr « o)
V*Tcl lTV*C l’rvl*c/
stv,c T(f*g) ,

V * TC —————————————— V * C "« C' )

Ve / %
VxC "% C'
* F é\ ! !
Vs FTC =2 pv 5 70Y 2T pryr s rory S preyr g o
m m)
Vxrc " FTC' TV !
JV’*TC/
* g\t / !
TG o BAEL I N Io" v T(V' % C")

VxC I Vi’
The first coherence equality
T(Ao) o strc = Aro

follows from item |1} and the commutativity of the following two diagrams:

[+ FTC 0 P« 10) 2509, pr(1 + ) 2799, pre
J[*Tc J{TI*C Irc
[+TC—————- e LTI 0) 2 e

nr«c nc

IxC - C
Ac
I*TC

I« FTC Am FTC

\LI*TC B JTC

[+TC Are TC

T[ *NC /
nc

I«C———C
Ac

where the diagram (A) commutes by the first coherence condition of the strength st.
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The second coherence equality
T(apy.c)ostyyv.e =styysc o (U xstye) o apvre

follows from item (1] and the commutativity of the following two diagrams:

(U - V) FTC 2V p(U - V) # TO) ™Y PT((U - V) 5 OF 2SR 5 (V % O))

(U-V)sro lT(U»V)*C TU(V*C)
(U-V)«TC e T(U V) )~ P4 (v 4 0))
(U-V)s nNu-vyxc
yne NU*(V+C)
(U-V)x Ux(Vx(C)

ay,v,c

sty.v,Tc F(stu,v«c

(UVWETC VTS PO e b (VT 0y S (e (Vi) | S B (V)

QU,V,FTC
\ (A) sty V*TCT sty T(V*C)T
U*StV TC U*F(StV C

ay,v,rc

(UV)x1o Ux (V*FTC) —_— U*F(V*TC) —— = Ux FT(V*C' TU*(V*C)
lU*(V*TC) U*TV*C\L
ay,v,rc Ussty,c ( stu,v.c

(UVITC ——— Ux(V+TC) U«T (V+(C) T(Ux(V*(C))
(U-V)*ne TU*(VW
NU*(V*C)

ay,v,c

where the diagram (A) commutes by the second coherence condition of the strength st.

The third coherence equality
sty.c o (V xnc) = v

is the bottom of the diagram (/6.3]).

The last coherence equality
sty,c o (V * pe) = pvac 0 T(stve) o sture

follows from item |1} and the commutativity of the following two diagrams:

Stv c)

Vs FTTC 2% p(v « TTC) PV pv s 7o) 259 prgy « )
Vxrpo (A) V * FTC TV «C
JV*TC
V« TTC % V*TC e T(V * C)
sty,c

V«TC
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sty,TTC F(sty,rc) FT(sty,c) Mv*c

Vs« FTTC —— F(VxTTC)——=FT(V*«TC)—=FTT(V+«C)—=FT(V x(C)
vac [vere [ © e
VTTC tvire TV +TC) L8 PV 4 0) S, TV 5 C)
]/ o] O
VxTC E TV *C)

where the commutativity of the diagrams (A), (B), (C) and (D) follows from the definition
of the multiplication px : TT X — TX as the unique map satisfying uxorrx = 7xoF (ux)

and MXonTXIide. O]

6.4 Model theory

We introduce a model theoretic notion of equality between TES-terms, leading to the

notion of models for TESs.

Let (¢,7,%) be a TES-universe and T = (7,7, u,st) a T ES-syntax on it. Then,

every TES-term ¢ : C' — T A induces a functorial term
[t] : T-Alg — (€ (A, —) x C)-Alg
over ¢, mapping s : T X — X to the composite

€ (A,X),A

EA
G(A, X) 5« C 220" o4 X) «TAS T(€(A X) * A) ) px X,

where T-Alg denotes the category of T-algebras for the underlying endofunctor T. We

remark that this map is the transpose of the composite

IA,X i(tvs)

for T the ¥ -enriched functor corresponding to the #-strong functor (7', st).
The functorial interpretation of TES-terms induces a satisfaction relation between

T-algebras and TES-equations: for a T-algebra (X s),
(X,s)Fu=v:C—=TA iff [u](X,s)°=[[](X,s)°: €A, X)«xC— X .

Recall from Notation that A°® denotes the structure map of an F-algebra A for
an endofunctor F'. More generally, for a set of T-algebras o, we set &/ =u = v iff
(X,s) Fu=wvforall (X,s) € .

Definition 6.4.1 (Algebras for TESs). An S-algebra for a TES S = (¢, ¥, *, T, E) is an
Eilenberg-Moore algebra (X, s) for the monad T satisfying the equations in F; that is,
such that (X,s) Fu=wv for all (u=v) € E.
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The category S-Alg is the full subcategory of €T consisting of the S-algebras, for €T
the category of Eilenberg-Moore algebras for the monad T. We thus have the following

situation:

S-Alg ¢ ¢7T C T-Alg

\ JU/

Us Ur

4

Example 6.4.2 (continued). Let (T)) = (Set, Set, x, Ty, (E))) be the TES associated
to an algebraic theory T = (3, E). From the model theory of TES, it follows that a
(T)-algebra is an Eilenberg-Moore algebra (X,s : 75X — X) for Ty such that the

following diagram commutes for every equation V F¢; =15 in E:

Set(V,.X)x (1) Stset(V,X),v Ts(e%) s
Set(V,X) x 1 ————=Set(V, X) x IsV ——T5(Set(V, X) x V) —=Tx X 3 X .
Set(V,X)x ((ta)
It can be easily shown that the commutativity of the above diagram amounts to the

following:

. (1) T (v)
for all functionsv:V — X, 1—XTxV

TsX —>— X commutes. (6.4)
((t2))

Let (X,][—]) be the Eilenberg-Moore algebra for the monad Ty corresponding to a
Y-algebra (X, {[0]}oex) via the isomorphism 3-Alg = €=, Then, it is easily seen that
the Eilenberg-Moore algebra (X H) satisfies the above condition (/6.4)) if and only if the
Y-algebra (X, {[[o] }oex) satisfies the equation V't t; = t5. Thus, it follows that (T))-Alg
is isomorphic to the category T-Alg of algebras for the algebraic theory T.

Note that TES-terms of the more general form I — 7%V for an arbitrary set I do
not add expressivity to algebraic theories, since they can be equivalently represented as
I-indexed families of TES-terms of the form 1 — 7% V. More formally, the following holds
for every Ty-algebra (X, s):

(X,s)Fu=v:1—-TxV iff Viier (X,8) Fuoi=voi:1—-T5V.

6.5 Representation as equational systems

The model theory of TESs can be easily recast in the framework of equational systems.
For € with small coproducts, every TES S = (¢, 7, %, T, EY) induces a monadic equational
system

S=(¢:T>Tgk-L=R)

such that S-Alg = S-Alg (see Section for monadic equational system), where

I'p(X) = H(UEU:O—»TA)GE C(AX)*C,
L(X,s) = [[[u]](X,s)Q} R(X,s) = [ﬂv]](X,s)Q}

(u=v)eE ? (u=v)eEE "
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Furthermore, when the strong monad T arises from free algebras for a strong endo-
functor F as in Proposition m, the TES S induces a simpler equational system S with
g—A]g =~ S-Alg. Indeed, Sis given by (% F>Tpk L= E), where

L(X,s) = [[ul(X,s)°] R(X,s) = [[v](X,5%)°]

(u=v)EE (u=v)eE

for (X, s*) the Eilenberg-Moore algebra for T corresponding to the F-algebra (X, s) via
the isomorphism €T = F-Alg. This enables us to apply the theory of Part [I| to construct
free algebras for TESs, as we do in the following chapter.
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Chapter 7

Equational reasoning for term

equational systems

We discuss equational reasoning for TESs, that is to say formal methods for proving
the validity of equality judgements for TESs. For this, we consider two different styles
of equational reasoning: deductive reasoning (or reasoning by deduction) and rewriting
reasoning (or reasoning by rewriting). By a deductive equational reasoning, we mean a
system consisting of a set of inference rules of the form
Jvoooo Jy
J
where the equational judgements Jy, ..., J, are premises and the equational judgement J
is a conclusion. In this system, a proof of a judgement is given by a proof tree; i.e., a
finite tree made up of instances of the inference rules where the goal judgement is placed
in the root and empty premises in the leaves.
On the other hand, by a rewriting equational reasoning, we mean a system consisting

of a set R of rewriting rules of the form
Mt —t

stating that the term t can rewrite to the term t’ in the context I'. In this system, a proof
of an equality judgement A F s = ¢ is given by a sequence of bidirectional rewriting
AF scnr s, AF s g Sy, ..., A s, <gr s for some n > 0, where A - u <—x v
denotes that either (A Fu — v) or (A F v — u) is an instance of a rewriting rule in R.

In Section [7.1], a deductive equational reasoning for TESs, called Term Equational
Logic (TEL), is introduced. TEL consists of seven inference rules Ref, Sym, Trans,
Axiom, Subst, Ext and Local. We show that TEL is sound, in the usual sense that if
a TES-equation v = v has a proof in TEL for a TES S, then the equation u = v is valid,
i.e., satisfied by all S-algebras. We do not have a general completeness result (i.e., the
converse of soundness) for TEL.

In the direction of completeness, in Section we give an internal completeness result
for TESs S that admit free algebras: a TES-equation u = v : C' — T A is valid if and only
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if it is satisfied by the free S-algebra on the object A. By the theory of Part [} if the
TES satisfies some conditions, we have an explicit categorical construction of the free
algebra. Furthermore, the categorical construction together with the internal complete-
ness result—intuitively and informally—can be seen as describing a sound and complete
rewriting equational reasoning. For instance, given a concrete TES, one may synthesize

a complete rewriting equational reasoning by analyzing the construction of free algebras,
as exemplified in Example and in the applications of Chapter [8]

7.1 Equational reasoning by deduction
We introduce a sound deductive system for reasoning about equality between TES-terms,

called Term Equational Logic (TEL), and show its soundness.

7.1.1 Term equational logic

For a TES S = (¢, 7, *, T, E), we consider equality judgements of the form
Eru=v:C—TA

where u,v are TES-terms with arity A and coarity C' in . The deductive system for
deriving such judgements, called Term Equational Logic (TEL), consists of the following

inference rules.

e Equality rules.

EFFu=v FFu=v FFRouv=w
RefEl—uEu SymEl—vEu Trans Frru=w
e Axioms.
Axiomm(uzv)eE

e Congruence of substitution.

Eruy=v,:C—=TB Eru=vy:B—-TA

Subst EFu{u} = vi{v}: C—-TA

where w; {w,} denotes the Kleisli composite ¢ —— T'B Twa) T(TA) L5714

e Congruence of tensor extension.

Fru=v:C—TA
v
EF(Viu= (V)u:V*xC—T(VxA) (Ver)

Ext

where (V)w denotes the composite V « ' %V « T A Sve, T(VxA).

102
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e Local character.

{EFuoe; =voe;: C; = TA}er
Local Frtu=v:C—TA

({ e : C; — C }ieq jointly epi)

Recall that a family of maps {e; : C; — C' }i¢; is said to be jointly epimorphic if, for any
f,g9:C — X such that V;c; foe; = goe; : C; — X, it follows that f = g¢.

Example 7.1.1 (continued). As algebraic theories arise as TESs, from the term equa-
tional logic we can derive an equational logic for algebraic theories. For instance, for an

algebraic theory T = (X, E'), we have the following deduction rules:

ViEt=t¢t Vikt=t Vit =t
VEY =t Vikt=t

(VEt=t)eFE (7.1)

Ref

—; L€ TsV  Sym Trans

Vit=

Axom =1

Ukt=t {VEs,=5, huer

St s teet = ({u— o Juct

where t{u — s,}ucy denotes the term obtained by simultaneously substituting the
terms s, for the variables u € U in the term ¢. The rules Ref, Sym, Trans and Axiom
directly follow from the corresponding TES rules. The rule Subst is derived from the TES

rules Local and Subst in the following way:

{{su) = () 21 = TV Juew
(=) 1 =TeU  [{su) uev = [{8u) Juev - U = T5V
(O Tsu) Juev 1 = (T8 Juev ;1 1 = T8V

Note that the TES rule Ext is redundant here because the interpretation of the rule

(by Local)
(by Subst)

for algebraic theories basically states that one can have many copies of a valid equality
judgement.
The soundness of this logic for algebraic theories follows from the soundness of TEL,

to be shown in the next section.

7.1.2 Soundness of term equational logic

The following theorem shows the soundness of term equational logic.
Theorem 7.1.2 (Soundness of TEL). For a TESS = (¢, ,*,T,E)
Etu=v implies S-AlgEu=wv.

Proof. We show the soundness of each rule of TEL; that is to say, that every S-algebra
satisfying all the premises of a TEL rule also satisfies its conclusion.

The soundness of the rules Ref, Sym, Trans and Axiom trivially holds.
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To show the soundness of the rule Subst, we assume that an S-algebra (X, s) satisfies

the two equations u; = v, : C — T'B and uy = vy : B — T'A; that is to say, that
[ui ] (X, s)° = [ui](X,s)" : €(B,X)*xC — X,
[us] (X, 5)° =[] (X, 8)° @ €(A,X)*B— X.

The interpretation map [Ju;{us}](X,s)° : €(A, X)* C — X of the TES-term wu;{uy}

factors as the composite
[[U’l]](Xa 8)<> © ([[UQ]] (X7 S)O N C) )

as shown in the commutative diagram below, where [us] (X, s)° : €(A, X) — € (B, X) is
the transpose of the map [us] (X, s)°. Note that the subdiagram (A) below commutes by

the coherence condition of the strength st.

[u2](X,s)°*C

C(A,X)xC €(B,X)xC
C(A,X)*ug % (B,X)*u1
(A, X))« TB [uoJ(X5)"T5 (B, X)*TB
ste(A,x),B
(A, X)*T (ug) st¢(B,x),B
€(A, X)*TTA T(€(A, X) * B) —LdXB)nigo(B X « B)
ste(a,x),TA
i(A7X)*IuA T(ﬁ(Avx)*UQ)
C(A, X)«TA A T(€(A,X) *TA)
st (a,x),4 T(st(a,x),4) T(eR)
T(E(A, X) x A) 2290 PP(G(A, X)  A)
T(e§) TT(e%)
~ T(s
TX hx TTX ) TX

Analogously, [vi{ve}](X, s)° factors as the composite [v;](X,s)” o ([va] (X, s)° * C), and
thus it follows that [ui{us}](X,s)° = [v1{va}](X, 5)°.
To show the soundness of the rule Ext, we assume that an S-algebra (X s) satisfies an

equation u = v : C' — TA; that is to say, that
[u](X,s)° = [v](X,s)° : €A, X)xC — X .

The interpretation map [(V)u](X,s)°: €(V*A, X)*(V*C) — X of the TES-term (V)u

factors as the composite

[ul (X, )" 0 (B C) 0 Gigyrunxyvic
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as shown in the diagram below, where the map p : €(V x A, X) -V — € (A, X) is the

transpose of the map

VA

f(V*A,X)*(V*A)eX—>X.

A (V+A,X),V,A

p: (f(V*A,X)-V)*Aa

Note that the subdiagram (A) below commutes by the coherence condition of the strength st.

~—1
Yg (VA X),V,C

CV A, X)x(Vx0) (E(V A, X) V)xC—2C @A, X)xC

C(V*A,X)x(Vxu) (€(V*A,X)V)su C(A,X)%u
C(V %A X)*(V«TA) Telveax)vira (E(V*A,X) V) +TA-2TL @A, X)«TA
C(V*A,X)xsty, 4 Steg (Vea,X)-V,A
CV+AX)«T(V*A) (A) T(E(V+AX)-V)xA) st(a,X),4
SV aX.V A T@gweaomva) 7@ LoD
T(E(V A X)x(VxA)) R TX o T(€(A,X)x*A)
X

Analogously, [(V)v](X, s)° factors as the composite [v](X,s)° o (p* C) o &%%V*A,X)y’c,
and thus it holds that [(V)u](X,s)® = [(V)v](X, s)°.

To show the soundness of the rule Local, we assume that an S-algebra (X, s) satisfies
a family of equations {uoe; =voe;: C; — TA }ier for TES-terms u,v : C' — T A and a
jointly epimorphic family of maps {e; : C; — C };¢r; that is to say, that

forallie I, [uoe](X,s)’ =[voe](X,s)° : €(A4,X)*xC; — X .

It follows from their definitions that the maps [u o ¢;](X,s) and [v o e;](X, s)° respec-
tively factor as the composites [u]](X,s)® o (€(A, X) *¢;) and [v](X,5) 0 (€(A, X) *¢;).
As the action * is left-closed, the functor € (A, X) % (—) has a right adjoint and thus
the family of maps { €(A, X) * e; }ier is also jointly epimorphic. Hence, we have that
[W)(X,5)° = [0 (X, 5)" a

7.2 Equational reasoning by rewriting

We show an internal completeness result for TESs that admit free algebras, and discuss

how one may obtain a rewriting equational reasoning from it.

7.2.1 Internal completeness

Let S = (¢,7,%,T,E) be a TES admitting free algebras, i.e., such that the forgetful
functor Us : S-Alg — ¥ has a left adjoint. We denote the free S-algebra on X € % as
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7. EQUATIONAL REASONING FOR TERM EQUATIONAL SYSTEMS

(TsX, 75 : TTsX — TsX) and the associated monad, which we call free S-algebra monad,
as Ts = (Ts, n°, 1i°). By the universal property of the monad T, we have a family of maps
{d% : TX — TsX } xew given as the unique maps such that

T S
X — )y

S
J{MX lTX
A

TX%TSX (7-2)

Tﬁx
nx
X
commutes. We call them quotient maps of the TES S. It is easily shown that the family

of maps { 7% }xecv and {q% }xcy are natural in X.

Our main result in this section, called internal completeness, is given in the following
theorem. Note that the equivalence of the first two statements below is a form of strong
completeness: it states that an equation is satisfied by all models if and only if it is

satisfied by a freely generated, hence somewhat syntactic, one.

Theorem 7.2.1 (Internal completeness). For a TES S = (¢,7,*, T, E) admitting free

algebras, the following are equivalent:
1. S-AlgFu=v:C—-TA
2. (TsA, ) Fu=v:0C—TA
3. qhou = qov:C — TsA

We introduce several lemmas before we proceed to prove the theorem. First, to apply
Proposition to the full subcategory S-Alg of T-Alg, we need show that S-Alg is
closed under the operation [V, —] in T-Alg for every V € 7.

Lemma 7.2.2. Let T = (T, n, u,st) be a TES-syntazx on a TES-universe (6,7, ). Then,
for every T-algebra (X, s), the following hold:

1. (X,8)eeT = Vyey [V,(X,5)] €L, and
2. (X,s)Fu=v <= WYyer [V,(X,s)] Eu=v.

Proof. Recall from Definition that the structure map [V, (X, s)]° : T[V, X] — [V, X]
of the T-algebra [V, (X, s)] is given by the transpose of the composite

StV,[[V,X]] T(e‘)/() s

Vs TV, X] T(V # [V, X]) TX X
= part of 1] For (X,s) € €T, the equalities
[V,(X,8)] omyxy = idpxy [V XD - [V, XT,

prvxp o [V, (X, s)7 = T([V. (X, ) o [V. (X, 9)]° + TT[V.X] — [V, X]

106



7.2. Equational reasoning by rewriting

follow from the equalities between their transposes, shown in the following commutative

diagrams:
€V
V[V, X] - X
V*n[[v,x]]l (AW Jn)\
s ey
VTV, X] " A [V, X]) — s T 3 X
Vx 5 €Y
Vo« TTIV, X] 220 v v, X] 0, (v s [, X]) — s 7
LV Tv.X] (B) MV*[V,X]]T MXI \
T(sty, (stvv.xg x1) TT(e%)
T(V«T[V,X]) —=TT(V«[V,X]) —>TTX X
VAT ([V,(X,)]°) lT(V*[[V,( X)) T(S)J g
VTV, X] P—— T(V [V, X]) 0 TX

where the diagrams (A) and (B) commute by the coherence condition of the strength st.
= part of Let (X, s) be a T-algebra satisfying an equation (X,s) Fu=v:C — TA,
e., such that [u](X,s)° = [v](X,s)" : €(A, X)* C — X. From the commutative

diagram below, it follows that the transpose

[u]([V. (X, $)])* - V + (Z(A [V, X]) « C) — X

of the interpretation map [u]([V, (X, s)])° : €(A, [V, X]) *x C — [V, X] factors as the
composite

[u](X,s5)"0 (P *C)o 62\_/7%(/;,[[1/7)(}])70
where the map p: V - €(A, [V, X]) — € (A, X) is the transpose of the map

ay,¢(A,[V,X]), A [[v X]
——

p: (V- C(A[V,X])) * A Vo (€A IV, XT) + A) by v, X] -5 x

Note that the subdiagram (A) below commute by the coherence condition of the strength st.

~—1
v, €(A,[V.X]),C

V(€A [V, X]) % C) (V-%(A, [V, X])) ¥ C —2C 5 %(4,X) + C

V*(i(z‘h[[V,X]])W)w1 (V-2(A[V.X]))*u C(AX)*u
V# (€A, [V, X]) % TA) —VEAWXDIA L goa [V, X])) + TA 22 4(A, X) « TA
Vst (a,[v.x]).A stv.g(a,[v.x]),4
VT(€(A [V, X]) * A) A T((V-€(A V. X])) * A)
Sty Z(A[V.X])A T(Gv, (a1 x]).4) St (4.x),4
VAT(efy ) T(V # (€(A, [V, X]) * A)) () {pd
l (Ve xp)

VTV, X] s TV # [V, X]) — o TX
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Analogously, [v]([V, (X, s)])¢ factors as the composite [v](X,s) o (p*C)o &"_/7%(147[[‘,7)(]])70
and hence [u] [V, (X, 5)])° = [)(IV; (X, 5)])°

< part of |1| and . For any T-algebra (X, s), one can easily show that the canonical
isomorphism X 2 [I, X] constitutes an isomorphism between the T-algebras (X, s) and
[1,(X,s)]. As the laws for Eilenberg-Moore algebras and the TES-equation u = v can
be expressed as functorial equations on T-Alg, it follows, by Proposition [3.3.2, that
the categories €T and T-Alg/,=, are isomorphism-closed subcategories of T-Alg, for
T-Alg/ .=, the full subcategory of T-Alg consisting of T-algebras satisfying u = v. Thus,
if the T-algebra [I, (X, s)] is in €T (resp. in T-Alg/.=,), then so is the T-algebra (X, s),
as (X, s) is isomorphic to [, (X, s)] in T-Alg. O

By Proposition ([2), we have that the free S-algebra monad Ts is strong, with the
components of the strength st® given by the unique maps such that the following diagram

commutes:
StV,TSX T(St%/,X)
Vs TTe X T(VxTsX) ———=TT5(V x X)
vt | [ ex
3! stf/x
VsIlgX-———-—-—-—-—-- == —>T§(V*X)
VsnS
VxX

We now show that the natural transformation q° : T = T is a strong functor morphism.

Proposition 7.2.3. Let S = (¢,7,*, T, E) be a TES admitting free algebras. Then,
the natural transformation q° : T = Ty is a strong functor morphism between the strong

monads T and Ts; that is, the following diagram commutes:

V*qi
VaTX ——VxTsX

Stv,xl lst% x

T(V*X)——T5(V*xX)

v x

Proof. The commutativity of the above diagram follows from Proposition and

the commutativity of the following two diagrams:

T(sty,x) T(dy.x)

Vs TTX —2 S T(V « TX) TT(V  X) TTs(V % X)

V*;U«XJ lMV*X JT‘S/*X

VxTX T(V % X) Ts(V *x X)
NV
V*T]XT M

VX
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sty,rx T(Vxq%) T(sty x)
V*TTX4>T(V*TX) T(V*TSX)%TTS(V*X)

Vxpx V % TTSX TVax

J{V*Ti
V*qX

stS
Vi TX ——— Vs TpX X Ts(V  X)
Vinx
n\s/*X

VxX

We are finally ready to prove the internal completeness theorem.

Proof of Theorem [7.2.1, We show [ = 2] = 3| = [1}

Proof of [1] = [2 It holds vacuously.

Proof of = . The map g5 ou : C — TgA factors as the composite
[ul(TsA, 75)° 0 (B C) 0 A,

as shown by the commutative diagram below, where the map p : I — € (A, TsA) is the

3 S
transpose of the map p:[x A 4 A LTSA :

C - - TA TsA
JX; A4 (A) TT(XA) By (B) }i
[+C [ru [+TA A T(I % A) TT:A
pxC pTA Lo d TT(E?SA)
C(A,TsA) « C WZ(A, TsA)«TA Eor T(E (A, TsA) x A)

Note that the subdiagram (A) commutes by the coherence condition of the strength st,
and the commutativity of (B) follows from the two commutative diagrams below, by the

universal property of the monad T:

A — g o P Ry U
P S
a5 () 5
TA— A TA—"") A TA miy
T’]A }7,4 T’OTSA/

,7184 77,84 id
A P S

where the right half of the right diagram commutes because (TsA, %) is an Eilenberg-

Moore algebra for T.
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Analogously, the map g5 o v factors as the composite [v](T54,75)° o (p* C) ng and
thus it follows that [u](TsA,75)° = [v](T5A,75)° implies g5 o u = g5 o v.

Proof of 3| = [1] For any (X,s:TX — X) € S-Alg, the interpretation map [u] (X, s)° :
E(A, X)*xC — X factors as the composite

s* o TS(Gé() o Stgg(Ax),A o (f(Aa X) * (q,Sal o u)) )

as shown in the commutative diagram below, where s* : TsX — X denotes the unique
map such that

TTX — Ly

4| |

TeX — X

X

commutes.

5 *U S X €§ s
B(A, X) 5 CEAM o4 XY 6 TAZEADA (A, X) 5 A) — X rx X
’f(Avx)*Qil (A) J/qs%(A,X)*A q%{l <B) «

stS A s
LA, X) % ToA 288 (4 X) 5 A) X,y
The subdiagram (A) above commutes because q° is a strong functor morphism from T
to T, and the commutativity of (B) follows from the commutativity of the two diagrams
below, by the universal property of the monad T

T(q5) T(s* T(s
77X — 2 rrx Ty X —

S

TX ——— X

T ———Ts X —° X
S
UXT% UXT/
X

X

where the right diagram commutes because (X, s) is an Eilenberg-Moore algebra for T.

Analogously, the map [v](X, s)° factors as the composite
s* o Ts(ex) o StSz(A,X),A o (Z(A, X) * (q; 0v))

and thus it follows that q5 o u = g% o v implies [u] (X, s)® = [v](X, s)°. O

7.2.2 Towards complete reasoning by rewriting

We give conditions under which TESs admit free algebras, and show how quotient maps

of TESs are constructed using the theory of equational systems developed in Part [l Then
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we see by an example how the construction might yield a sound and complete rewriting
equational reasoning.

Recall from Section that, for a category ¥ with small coproducts, every TES
S=(¢,7,*, T, E) induces the monadic equational system S = (¢ : T > Ty - L = R)
such that S-Alg = S-Alg, where

Ip(X) = H(uzv:CHTA)eE C(AX)*C,
L(X,s) = [[[u]](X, 3)0} R(X,s) = H[’U]](X,S)O]

(u=v)eEE (u=v)eEE "
Recalling the notions of finitary and inductive monadic equational systems from Defini-
tion [4.1.14] we define notions of compactness and projectiveness for objects, and notions

of finitary and inductive TES.

Definition 7.2.4. Let (¢, 7 ,*) be a TES-universe. An object A in & is respectively
said to be k-compact, for k an infinite limit ordinal, and projective if the functor €(A, —)

from % to ¥ is respectively k-cocontinuous and epicontinuous.

Definition 7.2.5. A TES S = (¥, 7 ,*, T, E) is called k-finitary, for £ an infinite limit
ordinal, if the category % is cocomplete, the endofunctor 7" on % is k-cocontinuous, and
the arity A of each equation u = v : C — T A in E is k-compact. Such a TES is called
r-inductive if furthermore the endofunctor 7' is epicontinuous and the arity A of each

equation u = v : C' — T'A in F is projective.
The following theorem is a direct consequence of the above definitions.

Theorem 7.2.6. For a TESS = (¢, ,*,T,E), if S is k-finitary for some infinite limit
ordinal k, then the associated monadic equational system S is k-finitary and thus the

TES'S admits free algebras. If furthermore S is k-inductive, then S is also k-inductive.

Proof. As the #-action (%, x) is right-closed, the functor (—)*C : ¥ — €, for any object
C € ¥, preserves colimits and, in particular, epimorphisms. Thus, for any TES-term
u=v:C — TA with A k-compact (and projective), the endofunctor €(A, —) * C on €

is k-cocontinuous (and epicontinuous). O

For a s-finitary TES S = (¢, ¥, *, T, E) with £ an infinite limit ordinal, we have the

following situation:
K

S-Alg = SAlge L 4T
’ HUT
b
For each object X € €, since (T'X, ux) is a free Eilenberg-Moore algebra on X, the free
S-algebra (T5X,75) on X is given by the free S-algebra K (T X, ux) over the Eilenberg-
Moore algebra (T'X, pux). Satisfying the commutative diagram , the universal homo-
morphism (TX, ux) — (TsX, %) induced from the adjunction K - J yields the quotient
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map q% : TX — T5X. The theory of equational systems studied in Part [I| presents an
explicit categorical construction of the reflection K : €T — S-Alg; in particular, that of
the universal homomorphism q5.

In the simple case of w-inductive TESs, the quotient maps g% are constructed, by
Corollary and Theorem [3.2.4] as follows:

( 0) T'(q1) T(q2)
Vw=v:01ayep TITX)=HT(TX) = IS T(TX )y =3 T(TX)y o T(TsX)

I
[u](TX,ux)® J \ L (7.3)

G(ATX) % C———3TX —gqe? (TX)1 — (TX )y —=» (TX)5 - TuX
: [vI(TX, HX) colim

a%

where ¢ is the universal map that coequalizes every pair [u](TX, ux)” and [v](TX, ux)°
with (u=v) € E.

Furthermore, when the strong monad T arises from free algebras for a strong endo-
functor F' which is w-cocontinuous and epicontinuous, as in Proposition [6.3.4] the TES S
can be encoded as the equational system S given in Section and thus the construction

of the quotient maps g5 simplifies as follows:

() ()

F(q )
Viu=v:C —-TA)eFE F(TX)— : F(TX) —*F(T'X)y—F(TX)3 - F(jjsX)
: x| N e N N %
' [ul(TX,1x)° v (7.4)
f(A,TX)*C:iTX?eq»(TX)l—»(TX)Q;»(Tx) ...... ToX
N [[U]] (Tlel/X )<> colim
ax

where (TX,7ix) and (T5X,7%) are the F-algebras respectively corresponding to the
Eilenberg-Moore algebras (T'X, pix) and (15X, 7%) for the monad T.

As we have seen in Part[[} the intuition behind the above construction is that the object
TsX is obtained by quotienting the object T'X by the equations in F and congruence
rules for operators. Following this intuition, as exemplified in the example below and
the applications in the next chapter, one may synthesize a sound and complete rewriting
equational reasoning by analyzing the above construction of quotient maps and by the

internal completeness.

Example 7.2.7 (continued). For an algebraic theory T = (X, F), recall, from Exam-
ple [6.3.7, that the theory T is encoded as the TES ((T)) = (Set, Set, x, T, (E))) pre-
serving models; and that the strong monad Ty arises from free algebras for the strong
endofunctor Fy; given by Fx(X) = [[,.5; X°l. As the endofunctor (—)* on Set for every
finite set A is finitary and epicontinuous, it follows that the TES ((T)) is w-inductive.
We consider the construction for the TES ((T)). First, we observe that the
map qo : 15X — (TxX); is the universal map in Set that coequalizes every pair
It], [t'] : (TsX)V — TsX with (V =t =1t') € E, where [t], [t'] are the maps respectively
sending { s, € T X }yev to the terms t{v +— s,} and t'{v + s,} respectively obtained by
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7.2. Equational reasoning by rewriting

simultaneously substituting s, for each variable v € V' in the terms ¢ and ¢’. From this
observation, it follows that the set (7%X); is given as the quotient set TxX/~, of TxX
under the equivalence relation =, generated by the following rule:
(VEt=t)€eE,
t{v = s, }oev =1 {0 = s teer {50 toev € (TnX)Y

The map ¢o sends a term s € 75X to its equivalence class [s]~, € T5X/~,, and the map py
sends to(51, ..., 50|) € Fu(T5X) to [o(s1,..., 5]~ € TuX/x,.

We note that a pushout of a surjective map e: A — B and amap f: A — C in Set

is given by the cospan f': B — C/y« C : ¢

A—»B

NS

C—5C/~
where C/ is the quotient set of the set C' under the equivalence relation ~ generated
by the rule f(a) =~ f(a’) in C for all a,a’ € A such that e(a) = e(da’) in B; and where
the surjective map ¢ : C' — C/~ sends an element ¢ to its equivalence class [c|~, and
the map f' : B — C/~ sends an element b to ¢/(f(b)) for b an element of A such that
e(g) = b. From this observation, by inductively analyzing the construction of the maps ¢,
for n > 1, we have that the sets (7%X), for n > 2 are given as the quotient sets 75X/,
of Tx X under the equivalence relations =, inductively generated by the following rules:

S~y S §1 Rn-1 515 «- 5 Sjo| Fn-1 S|

oex

s~y 8 (81, - -+ Sjo|) A 081, -+, S|g)

The maps ¢, for n > 1 send [s]~, € T5X/~, to [s]x,,, € T%X/~,.,, and the maps p, for
n > 1send to([S1]apy - - [So))xn) € Fu(T5X/x,) to [0(51,- - Sjo))ansr € T2 X/ mnis

By taking the colimit of the chain of quotients { ¢,, : TxX/~,, = T5X/~,,, }n>o in Set,
the set 75X is given by the quotient set 75X/~ of 75X under the relation ~g generated
by the following rules:

s~p s s~ps s ~ps’
S/Ni Trans

SR s~g s’

Ref

m S € TzX Sym

Axi (VEt=t)eE,
xom t{v = SU}UEV ~E t/{v = Sv}ve\/ {Sv }uev € (TEX)V (7-5>

~ / ~ /
81 ~F 817 ey SIO‘ ~F 8‘o|

Cong 0E X

(81, -, Spo|) Bp O(8Y, -+, S|
The quotient map q% : TxX — TsX sends a term s to its equivalence class [s]x,,.
Remark 7.2.8. The analysis of the construction for the TES ((T)) yields as the set
TsX the quotient set Ty X/ ~ for ~/; the equivalence relation on 75X generated by the
same rules as ~p except that the rule Cong is replaced by the following rule Cong':

51 ~E 81, -+, Sk ~E S

Cong’ C| C[—] a closed context with & holes

S1,..., 86 =g C[s),...,s}]
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7. EQUATIONAL REASONING FOR TERM EQUATIONAL SYSTEMS

Furthermore, the rules Sym, Axiom and Cong for the relation ~g can be merged into
a single rule, to yield a rewriting-style deduction system. Indeed, by an induction on the
depth of proof trees, one can easily show that the relation ~g on TxX given by the rules
in coincides with the relation ~% on Ty X generated by the following rewriting-style

rules:
~R o I ~R
Ref —=—s € TxX 5¥p5 5 7pS
e s AR s by Trans 5 AR 5
(VEt=t)e EUE®, {s, }ev € (TeX)Y,
Rw C|—| a context with one hole
Cltfv s sohoer] < Clo s suhoer]

(possibly with variables from X)

where EP ={(VFt=t)|(VFEt=t)e E}.
From the internal completeness of the TES ((T)), we have the following sound and

complete equational reasoning by rewriting:

T-Alg = (UF s=¥)

T-Alg = ((s) = (') : 1 = TxU)
ago(sh =apo(sh:1—TsU
[slae = [1xe M T2U/ %y
s~ps inTxU

s~R s in TxU

[

We conclude this example by noting that the logic derived from the TEL for algebraic
theories given in is easily shown to be complete, as a proof of s ~ & for s,s" € Tx; U
constructed by the rules given in , by an easy induction, can be turned into a proof
of U F s = ¢ in the logic given in (7.1)).
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Chapter 8
Applications

We develop term equational systems and logics for multi-sorted algebraic theories (see
Section and nominal equational theories (see Section , following the methodology

below.

1. Select a TES-universe (¢, 7, *) and consider within it a notion of signature such
that every signature X gives rise to a TES-syntax Ty, whose underlying endofunctor

preserves epimorphisms and colimits of w-chains.

2. Select a class of arities A that are projective and w-compact and a class of coarities C,
and give a syntactic description of the TES-terms C' — Ty A. This yields a syntactic
notion of equational theory with an associated model theory arising from that of

term equational systems.

3. Synthesize a deduction system for equational reasoning on syntactic terms with
rules arising as syntactic counterparts of the rules from the term equational logic
associated to the underlying term equational system. By construction, soundness is

guaranteed.

4. In view of the internal completeness result, analyze the inductive construction of
free algebras to synthesize a complete equational logic by rewriting. This complete
logic may be used to show the completeness of the above equational logic arising
from TEL.

8.1 Multi-sorted algebraic theories

We show how multi-sorted algebraic theories (see e.g. |[Goguen and Meseguer 1985, (Cli-
ment Vidal and Soliveres Tur 2005]) arise as TESs, and derive deductive and rewriting
equational logics for them respectively from the term equational logic and the construction

of free algebras.
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8. APPLICATIONS

8.1.1 Multi-sorted algebraic theories

We briefly review the multi-sorted version of algebraic theories.

An S-sorted signature 32, for S a set of sorts, is specified by a family of sets of opera-
tors { 3(s1,..,Skit) }s1,. sp)es* tes, where the elements of 3(s; ... sp;t) stand for operators
of arity sq,...,s — t.

For the family V' = {V} }ss of sets consisting of variables of each sort, the family of
sets { Tx(V;t) hes of terms of each sort with variables in V' is inductively built up by the

following grammar:

teTg(V;t) i=w with v € 1}

8.1
| O(tl,..,tk) with 062(51..Sk;t),t1 GTE(V;Sl),..,tkETE<V;Sk).< )

An equation of sort t € S on an S-indexed family of sets V' for an S-sorted signature 3,
written X > V [ = r : t, is simply defined as a pair of terms [, € T (V;t).

We say that an S-indexed family of sets {V; }ses is finitely presentable when the
disjoint union |4, 4 Vs of each component is a finite set. An S-sorted algebraic theory
T = (X, F) is given by an S-sorted signature 3 together with a set F of equations on
finitely presentable S-indexed families of sets.

An algebra for an S-sorted signature 3 is a pair (X, [—]) consisting of an S-indexed
family of carrier sets X = { X; }ses and interpretation functions Jo] : X, x ... xX,, — X;
for each operator o € X(sy,..,sk;t). A homomorphism of algebras for ¥ from (X, [—])
to (X’,[~]’) is an S-indexed family of functions h = { hs : X; — X! }scg between their
carrier sets that commutes with the interpretation of each operator; that is, such that
he([o](z1, .. 21)) = [o] (hs,(21), ..., hs (1)) for each operator o € %(s,..,s;;t) and
all 7y € X,,,...,z € X;,. Algebras and homomorphisms form the category X-Alg of
algebras for the signature 2.

By structural induction, such an algebra (X, [—]) induces interpretations
[1] : Tloes X6 — X

of terms t € Tx(V;t) as follows:

[Toos Xs"* = X " X, fort =v eV

m={ " (8.2)

TTog XY bt e s x X B X, for t = oty 1), 0 € S(sy. s t)

A Y-algebra (X, [—]) is said to satisfy an equation ¥ > V F [ = r : t whenever
the interpretations of the terms [ and r coincide, i.e., [[]Z = [r]Z for all ¥ € [] ¢ X,".
An algebra for an S-sorted theory T = (X, F) is an algebra for the signature X that
satisfies every equation in E. The category T-Alg of algebras for the theory T is the full
subcategory of »-Alg consisting of the algebras for T.
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8.1. Multi-sorted algebraic theories

Example 8.1.1. We consider the following Sgg-sorted algebraic theory Tgr = (Xgf, Egf),
which we take from |[Goguen and Meseguer|1985|. This example will be used later to point

out a subtlety in equational reasoning for multi-sorted algebraic theories.

Sgr = { Bool, Foo }
Ygr = {false : Bool,

not : Bool — Bool,
and : Bool, Bool — Bool,
foo : Foo — Bool }
Egr = {x:Bool F not(not(z)) = x : Bool,

(
x : Bool F and(z,not(x)) = false : Bool ,
x:Bool F and(z,z) = x : Bool,

|_

y : Foo foo(y) = not(foo(y)) : Bool }

An algebra (X, [—]) for the theory Tgg consists of a pair of sets X = (Xpool, Xroo) € SetSeF

together with interpretation functions

[false] : 1 — Xgool,

[not] : Xgool — XBool ;

[and] : XBool X XBool = XBool ,
[foo] : Xroo — XBool

satisfying the equations in F; that is, such that

for all x € Xgool [not]([not](z)) = = in Xgool ,
for all z € Xgool [and](z, [not](z)) = [false]() in Xgool ,
for all z € Xpool [and](z,z) = = in Xgool s
for all y € Xpoo [foo(y)] = [not]([foo(y)]) in Xgool-

8.1.2 Representation as term equational systems

We encode multi-sorted algebraic theories into TESs preserving their models. To this
end, let T = (X, E) be an S-sorted algebraic theory for S a set of sorts.

Recalling the notion of product TES-universe from Example , we consider as
a universe for the theory T the product TES-universe (Set®, Set,X) with P X { X, }«es
given by { P X X{ }scs.

We obtain a TES-syntax for the theory T as follows. The signature ¥ induces the
endofunctor Fs, on Set® defined by setting

(FsX) = H X, X ..o x X,

Sk

for X € Set5,t € S

0EX(s1,.-,Sk3t)

preserving the notion of model, as 3-Alg = Fy-Alg. Since colimits in Set® can be

calculated pointwise and finite limits commute with filtered colimits in Set, one can
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8. APPLICATIONS

easily show that the functor Fy preserves filtered colimits. The epicontinuity of Fy; is
trivial. Thus, by Theorem , it follows that the category Fy-Alg is monadic over Set®.
Furthermore, from the inductive construction of free Fy-algebras given in Theorem
one sees that the induced monad Ty = (T%,n, ) on SetS is also given syntactically by
the grammar (8.1)); that is, the following holds:

(TeX)y = Ty(X;t) for X € Set® teS.

The endofunctor Fy; a the canonical strength st : P X Fx(X) — Fx(P X X) of which

the t-component for each sort t € S

P x Xo, X ... x X, — Px X, )x...x(PxX;
1 k 1 k

062(51,..,Sk;t) 062(51,..,Sk;t)

sends a pair (p, ts, .. sp.0(®1,- 5 Tk)) 10 Ly sp0((D,21), .., (P, 2k)). Following the parame-
terized induction scheme of Proposition , for the monad Ty we have a strength
st : PR T5(X) — Te(P X X) of which the t-component for each sort t € S maps a
pair (p,t) € P x Ty(X;t) to the term t{z — (p, z)}seszex, € Tx(P K X;t) obtained by
simultaneously substituting (p, ) for each variable x in the term ¢.

By definition, every equation (V F1=r:t) for the signature ¥ is given as a pair
of terms [,r € (TxV);, which is equivalently represented by a pair of maps (1)), (r)) :
{(t) — TV for ((t)) € Set® defined by setting ((t), = 1 and {(t)), = () for s # t. We thus
encode the algebraic theory T as the TES

(T = (Set®, Set, X, Ty, (EY))

with the set of TES-equations (F)) given by {({(I)) = (r) : (t) = TV | (VFl=7r:t) € E}.
The TES ((T)) is shown to be w-inductive as follows. The base category Set® is co-

complete, as so is Set. As the endofunctor Fy, is w-cocontinuous and epicontinuous, so

is the monad Ty by Theorem [3.3.1] The arities of TES-equations in (E)) are projec-

tive and w-compact: for every finitely presentable S-indexed family of sets V € SetS,

[

the functor Set®(V, —) = [[._q (=) from SetS to Set is obviously epicontinuous; and
w-cocontinuous, as colimits in Set® can be calculated pointwise and finite limits commute
with filtered colimits in Set.

We finally show that the encoding of the theory T into the TES (T)) preserves their
models; that is, that (T))-Alg = T-Alg. By definition, a {(T))-algebra is an Eilenberg-
Moore algebra (X,s : Ty X — X) for the monad Ty such that the following diagram

commutes for every equation V ¢ =t :tin E:

SetS (V,X)X((t1))
SetS(V, X)X ((t) ————— 2 Set®(V, X XTIV
SetS (V,X)X((t2))

StsetS(v,x),v ) T (%)

Tx(Set®(V, X)XV ToX ——X.
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8.1. Multi-sorted algebraic theories

It can be easily shown that the commutativity of the above diagram amounts to the

following;:

(1)) v
for all maps v : V — X in Set®,  ((t)) :ITEV 20 TsX —— X commutes.
(t2)

Let (X,[~]) be the Eilenberg-Moore algebra for the monad Ty corresponding to a
S-algebra (X, {[0] }oes(s,,. spt)) Via the isomorphism Y-Alg = €=, Then, it is easily
seen that the Eilenberg-Moore algebra (X, [—]) satisfies the above condition if and only if
the 3-algebra (X, {[o] }oes(s:,.. si;t)) Satisfies the equation V' F ¢, = ¢, : t. Thus, it follows
that ((T)-Alg is isomorphic to the category T-Alg of algebras for the S-sorted algebraic
theory T.

8.1.3 Equational reasoning by deduction

For an S-sorted algebraic theory T = (X, F), we derive the following sound equational

logic from the term equational logic of the associated TES (T)):
— g/ . — 4. I— g1
te(TgV)t SymVFt:t.t TranSVFt_t't ViEt=t":1t

Ref V=1t Vet =t:t ViEt=t"t

Ubt=t:t {VFs,=5,:5}csuer

Subst VE t{u — SU}SGS,uEUs = t/{u = S;}SES’UGUS

where t{u — s,}sesucu, denotes the term obtained by simultaneously substituting the
term s, for each variable u € Us with s € S in the term ¢. The rules Ref, Sym, Trans and
Axiom directly follow from the corresponding TEL rules. The rule Subst is derived from

the TEL rules Local and Subst in the following way:

{{su)) = (50) 2 () = T8V Jsesues
() = () - {th = TsU  [((su) sesuer, = [(s0) sesuers 1 U = T5V
(A1 (su) Jseswevsy = (N (s0) Jses wevs} : (1) — TxV

(by Local)
(by Subst)

8.1.4 Equational reasoning by rewriting

We synthesize a complete equational logic by rewriting for an S-sorted algebraic theory
T=(FE).

As the TES (T)) = (Set®,Set, X, Ty, (E)) is w-inductive and the monad Ty arises
from free algebras for the endofunctor Fy, we consider the construction for the
TES ((T)). As colimits in Set® are calculated pointwise, it follows that for a family of
sets X € Set®, the family of sets (TxX )1 € Set® is given by the family of quotient sets
{ (T X)t/~1, }tes of Ts X under the family of equivalence relations { ~1; on (T5X); }tes
generated by the following rule:

(VEt=t:t)€eE,
tH{v > Sy tsesvev, ~1r P{v = 8, tsesver: ({ Sy € (T X)s }ses,yevs) € Set®(V, Tx X)
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The t-component of the map ¢qo : Ts X —» (T%X); for each t € S sends a term t € (TxX);
to its equivalence class [t]~,, € (T2 X )t/

By inductively analyzing the construction of the maps ¢, for n > 1, we have that the
family of sets (T5X), for n > 2 are given by the family of quotient sets { (=X )¢/~,.. }tes
of 75X under the family of equivalence relations { ~,: on (7%X): }es inductively gen-

erated by the following rules:

§Np-1t S S1 ~n—1,s S15 -+ Sk ~n—-1s;, Sk

o(S1y...,8k) Rpy o(Sh, ..., Sk)

P 0 € X(s1..5k;t)
The t-component of the map ¢, : (T5X), = (T%X),+1 for each t € S and n > 1 sends
e € (T5X)i/m 10 [, € (Ts X/

By pointwise calculating the colimit of the chain { g, : (T%X), = (T2X)nt1 fn>o in
Set®, the family of sets TyryX is given by the family of quotient sets { (I5X)¢/~p, tes
of Tx X under the family of relations { ~g: on (TxX); }tes generated by the following

rules:
~ t/ ~ t/ t/ ~ t//
te (TvX Et Et Et

Ref f~pal (T X): Sym VT 1 ~p l Trans rme
Axiom (VEt=t:t) e E, A

t{v — Sv}sES,UGVS %E,t t/{U — Sv}sES,vEVS {Sv € (TEX)S }SES,UEVS <8 )

S1 Rps Siy «.., Sk REs, S
Cong L ZEs 71 i y Eish kj 0 € X(s1. .5k 1)
o(s1,...,8k) gt o(s),...,s;)

The t-component of the map qé@r» : T5 X — Tyry X for each t € S sends a term ¢t € (T5X),
to its equivalence class [t]~,, € (TsX)t/xp,-

Furthermore, the rules Sym, Axiom and Cong for the relations { g+ }+es can be merged
into a single rule, yielding a rewriting-style deduction system. Indeed, by an induction on
the depth of proof trees, one can easily show that the relations { &g+ }es coincide with

the relations {%g,t tes generated by the following rewriting-style rules:

Ref R t € (TuX) Trans : 7
t =~y t %%7,( t”
Rw R /
Clt{v — su}seswen] R C[t'{v — 5, }ees.vev] (8.5)

(V I_ t = t/ . t/) G E U EOp, {SU 6 (TEX)S }SGS,UE‘/S, 3
C[—] a context of sort t with one hole of sort t’

(possibly with variables from X)

where EP ={(VEkt=t:t)|(VHt=t:t')e E}.

From the internal completeness of the TES ((T)), we have the following sound and
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8.1. Multi-sorted algebraic theories

complete equational reasoning by rewriting:

T-Alg = (Ut s=5:1)

(
TAlg)Z((( >> << )t >>—>Tz )
o((s)h =ay "o (s): (t)h = TymyU
[SLEt [SLEt in (TxU)e/~p
srpe s in (TxU):

s %ffj’t s in (TxU),

(8.6)

IIIIIIH

We note that the logic derived from the TEL for multi-sorted algebraic theories given
in (8.3) is easily shown to be complete, as a proof of s g s for s, s’ € (IxU); constructed
by the rules given in (8.4)) can be inductively turned into a proof of U - s = ¢’ : t in the

logic given in ({8.3)).

Example 8.1.2 (continued). Goguen and Meseguer pointed out in [Goguen and Meseguer
1985 that a naive generalization of rewrite-style equational reasoning for single-sorted
algebraic theories to multi-sorted ones might be unsound. We consider the problematic
example here and see how our rewrite-style equational reasoning for multi-sorted algebraic
theories, given in , fixes the naive reasoning to make it sound and complete.

Recall the theory Tgr = (XgfF, Egr) given in Example and consider the equality
judgement

- false = not(false) : Bool .

The following is a naive seemingly correct reasoning of this judgement for the theory Tgg.

false = and(foo(y), not(foo(y))) = and(not(foo(y)), not(foo(y)))
not(foo(y)) not(and(foo(y), foo(y))) (8.7)
not(and(foo(y), not(foo(y)))) = not(false)

However, the above judgement is invalidated by the algebra (X, [—]) of the theory Tge
defined as follows:

Xgool ={F, T},

Xroo =10,

[false]() = F

[not](F) =T, [not](T) =F,

[and](T,T) =T, [and](z,2’) =F forx=Fora’ =F,

[foo] is the unique map from the empty set.

One can easily check that the algebra (X, [—]) satisfies the axioms of the theory Tgg, but
does not satisfy the judgement I false = not(false) : Bool, since the maps [ I~ false : Bool]
and [ - not(false) : Bool] of type 1 — Xpoo respectively send the element of the sin-
gleton set 1 to the elements F and T of the set Xpgoo. Note however that (X, [—])
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satisfies the judgement y : Foo F foo(y) = not(foo(y)) : Bool, as both interpreta-
tions [y : Foo = foo(y) : Bool], [y : Foo = not(foo(y)) : Bool] : Xreo — Xpool are the unique

maps from the empty set.

To avoid this kind of false reasoning by rewriting, as suggested in [Goguen and
Meseguer| (1985, one can develop a deductive equational logic such as the one given
in . However, our rewriting-style reasoning for multi-sorted algebraic theories by
means of and directly fixes the naive reasoning. Indeed, from (8.6)), we see that
a valid reasoning of the judgement F false = not(false) : Bool by rewriting should be carried
out on the set (Ts,. ({0 }ses))Bool (i-€., the set consisting of terms of sort Bool with no vari-
ables). In this view, the naive reasoning of the judgement - false = not(false) : Bool
is not valid because terms with a variable y appear during the rewriting; rather it is a

valid reasoning of the judgement y : Foo I false = not(false) : Bool.

8.2 Synthetic nominal equational theories

Gabbay and Mathijssen| [2006], |2007], on the one hand, and |Clouston and Pitts [2007],
on the other, have respectively introduced the essentially equivalent notions of nomi-
nal algebra and nominal equational theory, and presented sound and complete deductive

equational logics for them.

In this section, having the notion of nominal equational theory in mind, we consider a
class of TESs, which we call Nominal Equational Systems (NESs), based on the category
Nom of nominal sets [Gabbay and Pitts|1999, 2001}, Section 6] (which is equivalent to the
Schanuel topos [Mac Lane and Moerdijk |1992, Section II1.9]). The syntactic description
of NESs gives rise to a concrete notion of equational theory based on nominal sets, which

we call synthetic nominal equational theory; and its model theory is derived from that of
NESs.

A sound deductive equational logic, called Synthetic Nominal Equational Logic (SNEL),
for synthetic nominal equational theories is derived from the TEL associated to NESs.
Also, a sound and complete rewriting equational logic, called synthetic nominal rewrit-
ing, is extracted from the construction of free algebras due to the internal completeness
result. By an easy induction, the completeness of SNEL follows from the completeness of
synthetic nominal rewriting.

We conclude the section by discussing the equivalence between our synthetic nominal
equational logic and the nominal equational logic of (Clouston and Pitts [2007]; and by
comparing our synthetic nominal rewriting and the nominal rewriting of Fernandez et al.
[2004].

Note that the development in this section easily extends to the multi-sorted case,

based on the product universe.
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8.2.1 Nominal sets

For a fixed countably infinite set A of atoms, the group Sy(A) of finite permutations
of atoms consists of the bijections on A that fix all but finitely many elements of A.
A Sy(A)-action X = (|X],-) consists of a set | X| equipped with a function (—) - (=) :
So(A) x | X| — | X| satisfying ida -2 =2 and 7’ - (7 - 2x) = (7'7) -« for all x € |X]| and
m,m € Sg(A). Sp(A)-actions form a category with morphisms X — Y given by equiv-
ariant functions; that is, functions f:|X| — [Y| such that f(7w-z)=7-(fz) for all
T € Gp(A) and x € | X].

For a Gy(A)-action X, a finite subset S of A is said to support x € X if for all atoms
a,a’ ¢ S, we have that (a ') - © = x, where the transposition (a a’) is the bijection that
swaps a and a’, and fixes all other atoms. A nominal set is a Sy(A)-action in which every
element has finite support. As an example, the set of atoms A becomes the nominal set
of atoms A when equipped with the evaluation action 7 -a = w(a). A further example is
the nominal set Z)(A) consisting of finite subsets of A with action 7-S ={7-a|a € S}.
The category Nom is the full subcategory of the category of &¢(A)-actions consisting of

nominal sets.

The supports of an element of a nominal set are closed under intersection, and we
write suppy (), or simply supp(x), for the intersection of the supports of = in the nominal
set X. For instance, we have that supp,(a) = { a } and supp,4)(S) = S. For elements x
and y of two, possibly distinct, nominal sets X and Y, we write x # y whenever supp y ()
and suppy-(y) are disjoint. Thus, for a € A and z € X, a# x stands for a ¢ suppy(x);
that is, a is fresh for x. Note that the support function suppy : | X| — |Z(A)| for every
nominal set X is equivariant, i.e., suppy(m - x) = 7 - suppy(x) for all 7 € Gy(A) and
x € |X]|.

The category Nom is complete and cocomplete. In particular, for a possibly infinite
family of nominal sets { X }ics, the coproduct [, X; is given by [[],.; Xi| = [1,c; | Xil
with action 7 - 1;(x) = ¢;(7 - «); whilst the product ], ; X;, for a finite set I, is given by
[ Lic; Xil = ILic; | Xi| with action 7 - {x;}ier = {7 - &;}ics. As usual, we write X™ for
X X ... x X (n times).

Further, Nom carries a symmetric monoidal closed structure (1, #, [—, =]). The unit 1
is the terminal object in Nom (i.e., the singleton set consisting of the empty tuple)
equipped with the unique action. The separating tensor X #Y is the nominal subset of
X x Y with underlying set given by { (z,y) € |X| x |Y| | x#y}. We write X#" for
X #...# X (n times). For instance, A#™ consists of n-tuples of distinct atoms equipped
with the pointwise action 7 - (a1,..,a,) = (7 - ay,..,7 - a,). Note that X#9 is 1 for any
nominal set X. Henceforth we write a™, or simply a when n is clear from the context, as a
shorthand for a tuple ay, ..., a, of distinct atoms, and thus {a™} for the set {ay,...,a,}.
A multi-transposition (a™ b") denotes a fixed bijection on A satisfying (a” b")(a;) = b;
fori=1,...,n,and (a” b")(c) = c for ¢ ¢ {a"} U {b"}.

123



8. APPLICATIONS

The separating tensor # is closed and the associated internal-hom functor is denoted
[—,=]. In particular, the internal homs [A#" X], for n € N and X € Nom, give rise
to a notion of multi-atom abstraction. Indeed, the nominal set [A#", X] has underlying
set given by the quotient set |[A#" x X |/, determined by the a-equivalence relation =,

which is defined as follows:

(a,r) =, (b,2') if and only if there exists a fresh ¢ € A*" (i.e., a tuple ¢ € A#"
satisfying the condition ¢# a, x, b, 2’) such that (a¢)-x = (be)- 2.

The nominal set [A# ™, X] has action 7 [(a, z)]~, = [(7-a, 7 2)]~, on its underlying set.

We write (a) z for the equivalence class [(a, z)]~,. Note that supp({a)z) is supp(z)\{a}.

8.2.2 Synthetic nominal equational theories

We specify a class of TESs, called Nominal Equational Systems (NESs), by giving a
TES-universe and a class of TES-syntax and TES-equations on it. We give a syntac-
tic description of NESs and call the syntactic counterparts of NESs synthetic nominal

equational theories.

Nominal equational systems. The TES-universe for NESs is (Nom, Nom, #) with
both left and right homs given by [—,=]; i.e., the one induced from the symmetric
monoidal closed structure of Nom, according to Example @).

A NEL-signature ¥ [Clouston and Pitts [2007] is given by a family of nominal sets
{X(n) }nen, each of which consists of operators of arity n. To each such signature 3, we

associate the strong endofunctor (Fx,st™) on Nom given as follows:
Fe(X) = Ien 2(k) x X*
sty F(X)#Y — Fs(X#Y)
(Ln(o, Ti,. .. ,xn),y) — Ln(O, (x1,9),- .-, (xn,y))
for X, Y € Nom and n € N,o € X(n),zy1,...,2, € X,y € Y. Since the category

Nom is cocomplete and the functor Fy is w-cocontinuous, free Fx-algebras exists by
Theorem ; and the associated monad Ty = (Tx,n*, u*) has strength st by Propo-
sition [6.3.4 Moreover, free Y-algebras are constructed as in (3.3) and thus we have the

following inductive description of Tx.X:

telsX = z (zeX) (8.8)
| o(tla-'~7tk) (OGE(}C), tla"7tk€TEX) '
with action given by 7 -x = 7 -x x and 7 - o(ty,...,tx) = (m-0)(7w - t1,...,m-tx). The

strength st is given by the parameterized induction scheme 1) and hence described

as follows: s
styy Ts(X)#Y — Ts(X#Y)

(ta y) = t{ZL‘ = ({L‘, y)}zeX
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8.2. Synthetic nominal equational theories

where t{x — (z,y)}.ex denotes the term obtained by simultaneously substituting (z,y)
for each variable x in the term t. A TES-syntax for a NES is given by the strong monad
Ty = (Tx, 0, %, s?cz) determined by a NEL-signature Y.

As equations for NESs, we only consider TES-equations of coarity A#" and arity
Hle A% for n, 0 ny,...,ny € N. In summary, a NES is a TES (Nom, Nom, #, Ty, F)
for ¥ a NEL-signature and E a set of TES-equations of the form A#" — Tg(]_[le A i),

Synthetic nominal equational theories. As a syntactic description of NESs, we give
the notion of synthetic nominal equational theory.

First, as a syntactic counterpart of the arities HleA#”i, we introduce the notion
of variable context. A wariable context V is given by a finite set of variables |V| and a
function V' : |V| — N assigning a wvalence to each variable in |V|. A variable context V/
determines the nominal set

vy =TT axve.
z€|V|

For a variable context V with |V| = {xy,..., 2, } and V(z;) = n;, for i = 1,.., ¢, we may
write V as {x1 : ny,..., 20 : ng }. We also simply write z(a) for an element ¢, (a) of (V)
and, when convenient, further abbreviate x() as x.

From the following bijection, for n € N and a variable context V/,

{t: A% = Tu(V) }
= {t: 1 [A%" Tu(V)] }
= {te A" To(V)] | supp(t) =0}
= {{a)t € [A*", To(V)] | supp(t) € {a}}

(8.9)

we see that a TES-term of arity (V) and coarity A# " is determined by an a-equivalence
class (a) t such that supp(t) C {a}. Syntactically, the a-equivalence class (a) t is described
by the pair

(a,t) for a € A*" t € Ty(V)) such that supp(t) C {a}

where we understand the tuple of distinct atoms a as binding atoms; and the condition
supp(t) C { a } as saying that there are no free atoms in the term ¢. From the inductive
description of Ty, and the syntactic abbreviations for elements of (V')), we see that
the terms ¢t € Tx (V")) with supp(t) C { @ } are inductively described as follows:

t == x(a’) (z(a’) € (V) such that {a’} C {a})
| ofty,...,tx) (o€ X(k) such that supp(o) C {a}).

Directly motivated from this observation, we define the notion of synthetic nomi-
nal equational theory as follows. A nominal context [a™]V consists of an atom context

a" € A*", for n € N, and a variable context V. For a nominal signature 3, a nominal
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term t in a nominal context [@"]V, denoted [a™]V | ¢, is given by an element t € T (V"))
such that supp(t) C {a"™}; and a nominal equation [a]V F t = t' is given by a pair of
nominal terms ¢ and ¢’ in the same nominal context [@"]V. A nominal equational theory
T = (X, E) consists of a NEL-signature ¥ and a set of nominal equations.

We note that the definition of synthetic nominal equational theory depends neither
on the Nome-action structure # of the TES-universe (Nom, Nom, #), nor on strengths
st of TES-syntaxes Tyx. As we will see in the next section, these structures only affect
the model theory of synthetic nominal equational theories.

Finally, we see that synthetic nominal equational theories represent nominal equational
systems. Each nominal context [@"]V determines the coarity A#*" and the arity (V);

and each nominal term [@"]V I t determines the TES-term
([@™V = 1)) : A" — Ti((V))

corresponding to the element (a")t € [A#" T (V)] via the bijection (8.9). Indeed, the
equivariant function {([@™]V I t)) maps b € A#" to (a b)-t € Tx{(V')). Thus, each nominal
equational theory (T, E) determines the NES

(T)) = (Nom, Nom, #, Ty, (E)))

with the set of TES-equations ((£)) given by { {([a]V Ft)) = ([a]V Ft')) }(javii=t)c k-

Remark 8.2.1. To have a bijection between nominal equational systems and synthetic
nominal equational theories, one has to take a-equivalence classes of nominal terms for

the a-equivalence relation =, generated by the rule
([a"]V F t) Rg, ([b”]V F (a™ b") -t) .

However, instead of imposing the equivalence on syntactic terms, we take this into account

when we reason about them by introducing the following rule:

@' |lVEt=t
"IV E(a®b")-t=(a™b")- -t

Example 8.2.2. (¢f. |Gabbay and Mathijssen| 2007, Clouston and Pitts 2007]) The

NEL-signature Y, for the untyped A-calculus is given by the nominal sets of operators

Y2(0) = {V,|lacA},
Y\(1) = {L,|lacA},
Z)\(2> = {A}

with action
7.‘—"/—a:‘fﬂ(a)a ﬂ-'La:Lﬂ(a), T-A=A.
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8.2. Synthetic nominal equational theories

The nominal equational theory T, = (%), E\) for afn-equivalence of untyped A-terms
consists of the NEL-signature ¥, and the set F) of the following equations:

() [a,b] z:1 + Ly x(a) = Ly x(b)
(6x) la)z:0,y:1 + A(L,.z,y(a) = =
(Bv) la)z:1 + A(L,. V., z(a)) = z(a)
(BL) la,b]z:2,y:1 + A(L, Ly.x(a,b), y(a)) = Ly. A(L,.z(a,b), y(a))
(Ba) lalz:1y:1,2:1 + A(L, A(z(a),y(a)), 2(a))
= A(A(Ly.2(a),2(a)), A(L,.y(a), 2(a)))
(B:) [a,b] x A(L,.%(a),Vy) = z(b)
(n) la|z:0 + L, A(x,V,) =z

where we write L.t for L,(t).

8.2.3 Model theory

A model theory for a nominal equational theory T = (X, F) follows from that for the
NES ((T)). This we now spell out in elementary terms.

Recall that an algebra for the associated NES ((T)) is an Eilenberg-Moore algebra
(M,s: TsM — M) for the monad Ty, such that the following diagram, for each nominal

equation [a"]V F t; =ty in E, commutes:

id # ([a] V1)

#n ——m———
[(V)), M] % A T [V, M]# T=(V)

~3
St vy, M1, (VY
_—

From the following isomorphisms
Nom™ = Fy-Alg ,
[<<V>>7M] = [Hme\v\ A#V(w)’ M] = HxE\V| [A#V(x)aM] 3

it follows that (T))-algebras bijectively correspond to Fx-algebras (M,e : FxM — M)
such that the following diagram, for each nominal equation [@"]V F t; = t5 in E, com-

mutes:

id# ([a]VFt1))
(TLaepyr [A# V6, M) g a7 —————— 3 (T [A%V), M) # To((V)

To M-S M

~3

s T (Tl [6#V0), M]) # (V) ) 2 To(1(V), M]# (V)

T2(6§€4V»)

where (M,e : TxM — M) is the Eilenberg-Moore algebra for Ty corresponding to the
Fy-algebra (M, e).
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One can easily see that the condition (8.10) amounts to the interpretation of the

functorial equation
Nom : Iy, > Figny F [[a"]V E 6 ] =[[a"]V F 5]
where the endofunctor Fign)y is defined by setting
Flaryy (M) = ([Logp [A* V), M]) # A%"

and the functorial term [[a"]V Ft] : Fy-Alg — Fjany-Alg, for each nominal term
[@"]V F t,is given as in (8.10). By analyzing the maps in (8.10]), one sees that the functo-
rial term [ [a"]V' ¢ ] sends an Fx-algebra (M, e) to the Figny-algebra (M, [[a"|V Ft] )
defined by setting, for ({ (dy) Mg Yocv)s b") € Flanv (M),

[alV - 2(a") [y ({ (de) s Yacpy, B) = (do ) -m, with b = (ab)-a’
[alV ot o ta) Liagey (£ {e) M aepyy, B) = (0, )

where ey, : X(k) x M*¥ — M is the k-component of the structure map e, and

o' =(ab)-o, ti=[lalVFti]ue({{d)ma ey, b).

Now we define a T-algebra for a synthetic nominal equational theory T = (3, E) as an
Fy-algebra satisfying the functorial equation Fy, > Fignyy F [[a@™]V F ] = [[a”]V F t5]
for each nominal equation [a@"]V F t; = ty in E. The category T-Alg is the full sub-
category of Fy-Alg consisting of T-algebras. By construction, the category T-Alg is
isomorphic to the category (T))-Alg for the associated NES ((T)).

Example 8.2.3 (continued). For the nominal equational theory Ty = (X,, E)) of Exam-

ple 8.2.2 a Ty-algebra has a carrier M € Nom with structure maps
IVl « A— M,
L] : AxM— M,
[A] @ M*— M

satisfying the equations of the theory. For instance, according to the equation («), we
have that

[L](a, (ca)-m) = [L](b,(cb)-m) for all ({c)m, (a,b)) € [A, M]# A*?
and, according to the equation (), we have that
[L](a, [A](m,[V](a))) =m for all (m,a) € M #A.

By examining the construction (3.4) of the free Ty-algebra over the initial Fy;, -algebra
Ty, (0) with the syntactic structure map, one can see that the initial T)-algebra has

as carrier the nominal set of a/n-equivalence classes of A-terms with the appropriate
So(A)-action.
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Equar @"|ViEt=t
"V E(a”b")-t=(a™b") -t
"MV Et=t @' lViEt=t [a"VEt=t"
Ref a"lV Ft Sym %)
) [a"]VEt=t 7] ym [a"|lVEt =t Trans [a"|lVEt=t"
| nHV E =t
nVFtEt/ E . [a’ ) /

Axiom @V t=¢ (la™] ) € Elim @V Ei=¢ (b#a,t,t)

[a"|lVEt=t
Intro

b#a
[a”, bV t{z(c,) — (s, b)}ocpy) = t{(cs) — z(cs, b) taev b a)

where [V®| = |V] and V,ejv| VO (2) = V(z) +m

Subst

a"lUkFt=1t { BNV s, = 5, Yae)
@™V F t{x(by) — Sitacu) = t'{2(bs) = Sztacu)

Figure 8.1: Rules of SNEL for T = (%, £).

8.2.4 Equational reasoning by deduction

For a synthetic nominal equational theory T = (X, F), from the term equational logic for
the NES (T)), we obtain a sound logic for the theory T, which we call Synthetic Nominal
Equational Logic (SNEL). The rules of SNEL are described in Figure [8.1]

The substitution operation used in the rules Intro and Subst of SNEL maps nominal
terms

t € To(UY, { (co)my € [AFVE) TH(M)] Yoqu

for a variable context U and a nominal set M, to the nominal term
H{a(er) = matac € To(M)
defined by structural induction on ¢ as follows:

ZL‘(CL){ZE(C;B) — m;r}a:E|U| = (cz a') s My

O(tla . 7tk){$(cm> — mm}x6|U| = O(tl{x(cm> — mm}az6|U\7 cee 7tk{x<ca¢) — mm}x6|U|) .
We now see how each rule of SNEL is induced from the rules of TEL.
e The SNEL rule Eqvar follows from the consideration in Remark [8.2.1]

e The SNEL rules Ref, Sym, Trans and Axiom directly follows from the corresponding
TEL rules.

e The SNEL rule Elim arises from the TEL rule Local with respect to the epimorphic
projection map A#("+m) s A#7" sending (a”, b™) to (a”).
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e The SNEL rule Intro arises from the TEL rule Ext extended with the nominal set
A#™_ Note that the TES-term (([a@", b™]V® I t{z(c,) — x(cs, b) }uev|) amounts

to the composite

(A#F™) ([alVt)

AFrem) o pfhm g g T (AF7 4 (V) = To(Le AFVOH™)

e The SNEL rule Subst arises from the TEL rule Subst together with the rule Local

as follows:

{{[b." WV F s0) = ([b." NV F s,) Yaey
(laMU - t) =@ U Ft)  [(b]V F )] = [0V 0D

(lalU = ) [(balV F 5:)], ey } = (el = N [(BIV F )], }

(by Local)
(by Subst)

where the rule Local applies with respect to the jointly epimorphic family of maps

(im0 (T 400 < @),

z€|U]|

Note that the following equality holds:
(lalV - t{a(b,) = sidec) = (lall F OV { [0V F 50,0}

By construction, if a nominal equation [@"]V F t = t’ is derivable in SNEL, then the
TES-equation (E)) F ([a"]V Ft)) = ([a"]V F t')) is derivable in TEL. Thus, the sound-
ness of SNEL follows from that of TEL.

Remark 8.2.4. Since the category of sets embeds in that of nominal sets, every algebraic
theory is a nominal equational theory and for them SNEL restricted to contexts with
empty atom context and variables of valence zero reduces to the logic given in (7.1)) for

algebraic theories.

Example 8.2.5 (continued). For the nominal equational theory T,, we can prove the
judgement
la)z:1,y:0F A(L,. L,.z(a),y) = L,.x(a)
using SNEL, as follows:
la,b] z: 1+ L, z(a) = Ly.z(b) by Axiom («)
z—[cz:1,y:0F z(c) = z(c) by Ref

: by Subst
A la,b] z:1,y:0F Ly . x(a) = Ly. x(b) ¥ oubs

la,b] z:2,w:0F A(L,.2(a,b),w) = A(L,.2(a,b),w) by Ref
2+ [a,blx:1,y:0F Ly x(a) = Ly. z(b) by A
w—  [Jx:lLy:0Fy =y by Ref

B: l[a,b]z:1,y:0F A(L,. Ly.z(a),y) = A(Ly. Ly. 2(b), y) by Subst
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[a] z:0,y:1F A(L,.z, y(a)) = = by Axiom ()

C: by Intro
@bz Ly 2F A(Lyx(b), y(a.b) = x(b)
[a,b] x:1,y: 2+ A(Lq.x(b), y(a,b)) = x(b) by C
z—  [blax:1y:0F Ly z(b) = L. x(b) by Ref
y—la,b]z:ly:0Fy =y by Ref

by Subst
@bl z:1,y:0F A(L,. Ly 2(b),y) = Ly.z(b) ¥ U

l[a,b] z:1,y:0F A(L,. L, x(a),y) = L,.x(a) by Trans(Trans(B,D),Sym(A))
la)z:1,y:0F A(L,. L,.2z(a),y) = L,.x(a)

by Elim

8.2.5 [Equational reasoning by rewriting

We obtain a sound and complete rewriting-style deduction system for nominal equational
theories, which we call synthetic nominal rewriting.

From the facts that finite limits commute with filtered colimits in Nom and that an
equivariant function in Nom is epimorphic if and only if its underlying function in Set
is epimorphic, one can easily show that the endofunctor Fy, for every NEL-signature 3 is
w-cocontinuous and epicontinuous, and the nominal set ((V')) for every variable context V'
is w-compact and projective. Thus, for every nominal equational theory T, the associated
NES ((T)) is w-inductive.

For a nominal equational theory T = (X, F), we consider the construction for
the associated NES ((T)). Since the forgetful functor |—| : Nom — Set creates colimits,
we have the following explicit description of the construction. For a nominal set X, the
nominal set (7% X ); has as underlying set the quotient set |Tx X |/~, under the equivalence

relation ~; on the set |7%X| generated by the following rule:

(@ 6 - 1) {ales) = 52 hociy 1 (@ b)) {ale) = supoayy | (U HESE) €8

for b € A*" {{c,) s, € [A*V® TuX] },cp such that V,ep) b" # (c,) s, The under-
lying set |TsX|/~, is equipped with action 7 - [t]~, = [7 - t]~,. The equivariant function
qo : Ts X — (TxX); maps a term ¢ to its equivalence class [t]~,.

The nominal sets (75 X),, for n > 2 have as underlying set the quotient sets |T5X|/~,
under the equivalence relations /2, on the set |Tx X | generated by the following rules:

~ / ~ / ~ /
S p—19S 51 ~n—1 81, --+y Sk ~n—1 S

(o € 2(k))

s Ry, s o(s1,. ., Sk) ~n o(s),..,s%)

The underlying sets |TxX|/~, are equipped with action 7 - [t]~, = [7 - t]~,. The equiv-
ariant functions ¢,_1 : (T X )1 — (T X), map [t]~, , to [t]~, -

The nominal set Ty X, being the colimit of the chain { ¢, : (75%X), = (T2 X)n+1 }n>0,

is given by |TyryX| = |T%X|/~, with action 7 - [t|~, = [7 - t|x, for =g the equiv-

alence relation on the set |T5X| given by the rules of Figure 8.2l The quotient map

q@ 1 T5 X — TyryX sends a term ¢ to its equivalence class [t|x,,
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t~g t t~g t ~E t”’

Ref
U mop Trans L g 1

t e |TsX]| Sym

t~gt
Axiom

((a” b") t){x(cx) = Sz fae|U| RE ((a” b") -t’){x(cx) = Sz }ac|U]

for b" € A*" {(c,) s, € [A*V®) Ty X] }eejy) such that Ve " # (cz) So

([a"lUkt=¢) e E

51 ~Eg S1, -+, Sk ~E S

o(s1,..,sk) =g o(sy,..,s,)

(o € 2(k))

Figure 8.2: Rules for ~g.

Furthermore, the rules Sym, Axiom and Cong for the relation ~g can be merged into
a single rule, yielding a rewriting-style deduction system. Indeed, by an induction on
the depth of proof trees, one can easily show that the relation ~g coincides with the

equivalence relation ~R generated by the following rewriting-style rules:

~R 4/ I ~R 1
taRt ¢ RRt

te|TxX
Ref £ R ¢ € [TxX]| Trans T

R Cl((a" ") - t){a(ce) = satee] ~5 C[((@" ") - ){a(ce) = satoewt]  (3.11)

([a"lUkt=t) e EUEP,
b" € A" {{c,) s, € [A*U® Tu X },cp such that Ve b # (c,) s,

C[—] a context with one hole (possibly with elements from X)

where E® = { ([a"|UFt=¢) | ([a"JU -t =t) € E }. Rewriting of nominal terms by
the rule (8.11)) is called synthetic nominal rewriting.
By the internal completeness of the TES ((T)), we show the soundness and complete-

ness of synthetic nominal rewriting as follows:

[@"]V F s = ¢ is satisfied by all T-algebras
(T)-Alg = ([a"]V F s) = ([a"]V F s) : AF" — Tu(V)

<~

= Ao llalVEe) = oo (alVE ) 2 A¥ = T (V)

= ai) (([@v = sh@) = ai) (([@V = @) in [Ty (V)l/~  (812)
= (sl = [np I Tymy (VD 50

= s~ps in [Timy (V)

— saR in [Ty (V)

Example 8.2.6 (continued). By synthetic nominal rewriting, we prove the judgement
la)z:1,y:0F A(L,. L,.2(a),y) = L,.x(a)
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as follows (cf. the proof given in Example [8.2.5):

A(L,.L,.z(a),y)

. A(L,.| L, z(a) {z(c)—z(c)} |.y)
by (@) ~R  A(L, [ Ly z(b) {z(c)— z(c)} ]79)
~%  A(L,. Ly. x(b),y)
. | A(La-2.y(a) {z— Ly.2(b);y(a) =y} ]
by (ﬁn) %% [ T {x — Ly x(b),y(a) = y} }
X [ Ly z(b) {a(c) — z(c)} ]
by (a) ~R [ L,.z(a) {z(c)— z(c)} }
~R L, xz(a) .

We finally remark that one can show the completeness of SNEL by turning a proof of
s~ s, for s, € T (V) with supp(s),supp(s’) C a”, into a proof of [@"|V F s=¢"in
SNEL, by a simple induction.

8.2.6 Equivalence between nominal equational logic and

synthetic nominal equational logic

We discuss the logical equivalence between our synthetic nominal equational logic and
the nominal equational logic of |Clouston and Pitts [2007].

Nominal equational logic and synthetic nominal equational logic share the same no-
tion of signature (i.e., that of NEL-signature). Although their equality judgements look
quite different, we provide a conversion between them in such a way that the equational
constraints that they impose on algebras for NEL-signatures are preserved.

Let us start by giving an example. The judgement of synthetic nominal equational
logic, representing the a-equivalence of A-terms for the NEL-signature ¥, (see Exam-

pleE23).
l[a,b] z: 1 F L,.x(a) = Ly x(b)

is turned into the following judgement of nominal equational logic
{0} #x+ L,z =~ Ly (ab)x .

Remark 8.2.7. The work reported in |Clouston and Pitts/2007] is based on judgements of
the form

Al#xl,...,An#xn H A #t ~ t

where Ay, ..., A, and A are finite sets of atoms. The sets A; state name freshness assump-
tions on the variables x; and the set A imposes name freshness conditions on the terms
t and t’ of the equation. However, Clouston has shown that this extension, though con-

venient, does not add expressive power; as every freshness judgement can be equivalently
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encoded as an equality judgement (see also |[Gabbay and Mathijssen|[2007, Theorem 5.5]).

For instance, the a-equivalence axiom above is the encoding of the following one

{}#zF {a} # Loz = Lo .

We now give a formal definition of nominal equational theory and explicitly describe
the conversion. A nominal equational theory T = (X, F) consists of a NEL-signature

¥ ={3(n) }hen and a set E of equality judgements of the form

{ai"}# 21, {ap" Y # o, Ht =t

where t and ¢’ are terms inductively defined by the following grammar:

t = 7w (m e So(A), ze{xy,...;zn})
| o(ty,...,tx) (0o€X(k))

We also simply write = for ida z. Recall that a;' denotes the tuple a;1, a;s, ..., a; 5, of
distinct atoms, and thus {a;'} denotes the set {a;1,...,a;;,}.

An equality judgement of synthetic nominal equational logic
lag,...;a) @y 1y, wp Bt =
is turned into the following judgement of nominal equational logic
coAag g, #x, F Ha(dD) - (@ Ay = {r(d) — (@b )}

where the term t{x;(c%) — (a% c)z;} is obtained from the term t by simultaneously
replacing all occurrences of variables z;(cy, . ., ¢;,) with (aq,..,a;, c1,..,¢,)z; for the multi-

transposition (a1, ..,a;, c1,..,¢,) € So(A). Conversely, an equality judgement of nominal

K

equational logic
{a:"} #ar,.. fa "} F o, Ft

is turned into the following judgement of synthetic nominal equational logic

[a'] ...zl —1;,... b t{rx — zi(m (@ —A{a;}))} = t{mz;— zi(7 (a—{a:}))}

where @' = ay,...,q; is a tuple of all distinct atoms (in an arbitrary order) appearing

in the judgement (i.e., those appearing in t, ¢’ and {a;'} for all i € {1,..,n}); and
where the term ¢{mz; — z;(7 - (a —{a;}))} is obtained from the term ¢ by simultaneously
substituting all occurrences of variables wz; with z; (7-(a—{a;})) for (a—{a;}) € A#(~1)
the tuple obtained by removing the atoms a;1, ..., a;;, from the tuple (a4, ..., q).

As an another example, the equation (5.) of Example m

[a,b] z: 1+ A(Ly.2(a),V,) = z(b)
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8.2. Synthetic nominal equational theories

is turned into the following one
{b} # 2+ A(L,.2, V) = (ab)x

and vice versa.

From the model theories of nominal equational logic and synthetic nominal equational
logic, it follows that an algebra for a NEL-signature ¥ satisfies an equality judgement
of nominal equational logic (resp. of synthetic nominal equational logic) if and only if
it satisfies the equality judgment of synthetic nominal equational logic (resp. of nominal

equational logic) obtained by the above conversion.

8.2.7 Comparison between nominal rewriting and synthetic

nominal rewriting

Nominal rewriting |Fernandez et al. 2004, [Fernandez and Gabbay[2007] looks like a term
rewriting version of nominal equational logic [Clouston and Pitts/ 2007]. However, we
observe that nominal rewriting—seen as an equational logic—is not complete with respect
to the model theory of nominal equational theories.

Rewrite judgements for nominal rewriting systems are identical to equality judgements

for nominal equational theories, except that
e the symbol “—” is used in place of “x~*“, and

e more importantly, the notion of a-equivalence is built into so called nominal sig-
natures as special arities of operators; in other words, a-equivalence is given as

meta-level axioms rather than object-level ones.

Remark 8.2.8. It does not make any logical difference whether one imposes a-equivalence
at the object-level or at the meta-level. However, in practice, assuming it at the meta-level

has advantages as a-conversion can be done in a unification process.

As an example, we consider the signature Y, for the untyped A-calculus, which consists
of the operator V' taking an atom, the operator L taking a term with one bound atom,
and the operator A taking two terms. The terms ¢ € Ty, X with variables in a set X for

the signature X, are inductively defined by the following grammar:

teTy, X = w2 (me Gy(A), zeX)
| Via) (a€h)
|  L((a)t) (a€eA teTyX)
‘ A(tl,tg) (tl,tz € TEAX)

From the signature for the operator L, we implicitly assume the following a-equivalence

axiom at the meta-level:

{b} #x + L({a)z) ~ L({(b) (ab)x) . (8.13)
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A rewrite judgement for the signature X, is of the form

{ay"}y# oz, {ap" Y # o, Ht — 1

fort,t' € Ty, {x1,...,2, }. Asin usual term rewriting, one rewrites a term s into another
term s according to a given set R of rewrite rules of the above form, but under some
freshness assumptions {b1"} # v1,..., {bm'™} # Y on variables {y1,..,ym} 2 Var(s) U
Var(s'). This is denoted as follows:

by #yn by Fym s —r s

Consult |[Fernandez et al.[2004] for details of the relation —%. To view nominal rewriting
as an equational logic, we regard the set of rewrite rules R as a set of equality judgements
and perform bidirectional rewriting according to R.

We explain with a counter example that the nominal rewriting is not complete with
respect to the model theory of nominal equational theories. Let R be the following rewrite

rule for the signature Xy:

{a} # 2, {} #y - AL((a) L((b) 2)).y) — L((b)=).
Considering this rule as an equality judgement, we can see that the following judgement
is valid (i.e., it is satisfied by all algebras satisfying R):

}#x, {}#y - A(L((a) L(a) 2)),y) ~ L({a)2) . (8.14)
In order to rewrite the term A(L({a) L({a)z)),y) according to the rule R, it needs to
be a-converted to the term A(L({a) L((b) (a b)x)),y) by the meta-level axiom (8.13),
which requires the assumption {b} # x. Thus, it is not possible to derive the above
valid judgement by means of nominal rewriting. Indeed, the incompleteness of nominal
rewriting is due to the fact that it essentially lacks the rule (ATM-ELIM) of nominal
equational logic [Clouston and Pitts| [2007, Fig. 5]. Note that the rule (ATM-ELIM)
corresponds to the rule Intro of synthetic nominal equational logic (see Figure , as
the former eliminates atoms from freshness conditions (i.e., it makes the atoms newly
available).
We show how one can derive the judgement by synthetic nominal rewriting.
First, according to the conversion given in Section [8.2.6] the judgement is turned into the

following one:

[az:1,y:1+ A(L({a) L({a) x(a))),y(a)) = L({a)z(a)) .
Then, the term A (L((a) L({a) z(a))), y(a)) is a-converted to A (L ({a) L((b) x(b))), y(a))
by the meta-level axiom (8.13), as b# x(a); then it rewrites to the term L((b) z(b)) by the
rewrite rule R, as a# x(b); and then it is a-converted to L({a) z(a)) by the meta-level
axiom (8.13), as a # z(b).
We finally remark that synthetic nominal rewriting is well suited for mechanization, as
one can use the nominal unification algorithm [Urban et al.[2004] so that the meta-level

a-conversion is automatically performed.
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8.2.8 Comparison between binding term equational logic and

nominal equational logic

We discuss how one can relate the seemingly unrelated binding term equational logic
of Hamana, [2003] and equational logic for nominal algebras of |Gabbay and Mathijssen
[2007], which is essentially equivalent to nominal equational logic of [Clouston and Pitts
2007], by viewing them as TELs.

First of all, as it is done for the nominal equational logic in Section the equational
logic for nominal algebras can be shown to be logically equivalent to a TEL based on Nom
with TES-syntax, say Ty, induced from nominal signatures 3. Similarly, the binding term
equational logic can be shown to essentially arise as a TEL based on Set” with TES-syntax,
say T's,, induced from nominal signatures Y, where I is the category of finite sets and
injections. Moreover, the monad Ty, is the restriction of the monad T’y i.e., such that
JTs, = T's J for the embedding J : Nom < Set!. Thus, there is a bijection between
TES-terms C — Ty A and TES-terms JC' — T's(JA). Indeed, arities and coarities for
the TEL based on Set! are images of arities and coarities for the TEL based on Nom
under the embedding J, and thus the two TELs can be seen to have the same syntactic
equational judgements. Furthermore, the two TELSs have the same inference rules except
the rule Local (see Section , as the projection maps A#+™) — A#" are epimorphic
in Nom, but their images JA#(™+™) — JA#" are not in Set’.

In conclusion, the equational logics based on Nom and Set” have the same syntactic
judgements and inference rules except that the former has one more rule stating that
unused atoms can be eliminated, which corresponds to the rule Elim of SNEL (see Fig-
ure and the rule (ATM-INTRO) of nominal equational logic (see [Clouston and Pitts
2007, Fig. 5]).

137






Chapter 9
Concluding discussion

We conclude by recalling the main contributions of this thesis and discussing related work

and further research directions.

9.1 Contributions

In this thesis, we generalized the classical notion of (enriched) algebraic theory to achieve
sufficient expressivity as needed in modern applications, by introducing the more abstract
concepts of Equational System (ES) and Term Equational System (TES). As their as-
sociated theories, we developed the construction of free algebras for ESs and equational
reasoning for TESs. The concept of ES is more general than that of TES, which is still
more general than that of enriched algebraic theory. Thus, both of the above developments
apply to TESs and (enriched) algebraic theories.

In Part [[j motivated from limitations of enriched algebraic theory in coping with mod-
ern applications, we developed the concept of equational system. One of the strengths
of ES is its simplicity. The concept of ES and its associated theory require only ele-
mentary category theory. More specifically, the construction of free algebras for ESs well
extends the famous construction of free algebras for endofunctors (see e.g. [Adamek||1974]
Lehmann and Smyth!| 1981, [Smyth and Plotkin||1982] |Barr and Wells 1985, |Adamek and
Trnkovdl[1990]) to an equational setting at the same level of abstraction. Further this free
construction captures the intuition that free algebras consist of freely constructed terms
quotiented by given equations and congruence rules. Because of its simplicity, one can
easily dualize the concept, leading to the notion of equational cosystem. The concept of
ES is also sufficiently general to accommodate most naturally arising equational algebraic
structures. In order to show its expressivity, we have given various examples of ESs includ-
ing two modern applications, ¥-monoids [Fiore et al. 1999 and m-algebras [Stark 2005,
2008]. Besides the construction of free algebras, we also extensively studied monadicity
and cocompleteness of categories of algebras for ESs, providing finitary and transfinitary

conditions for such properties to hold.
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In Part [II, we pursue a general theory of equational reasoning about algebraic struc-
tures. For this purpose, we introduced the notion of term equational system with a more
concrete concept of equation, which we borrowed from enriched algebraic theories [Kelly
and Power|1993]. We first developed a general equational logic, called Term Equational
Logic (TEL), to reason about algebras for TESs. TEL consists of four sound deduction
rules Axiom, Subst, Ext, Local together with the three equivalence relation rules Ref, Sym,
Trans. Although TEL gives a complete equational logic for all our concrete examples of
TESs, we do not have a general completeness result for TEL. As a further step towards
completeness, we have shown internal completeness. The internal completeness result
together with the inductive construction of free algebras provides an abstract process to
check the validity of a given equality judgement. For concrete instances of TES, one might
extract a complete rewriting-style equational logic from the abstract process. Finally, to
exemplify this scenario, we exhibited two applications: multi-sorted algebraic theories

and nominal equational theories of (Clouston and Pitts [2007].

9.2 Related work

We have learnt during the course of this work that variations on the concept of equational
system, and its dual of equational cosystem had already been considered in the literature.
For instance, Fokkingal [1996] introduces the more general concept of law, but only studies
initial algebras for the laws that are special cases of our concept of functorial equations.
Cirstea [2000] introduces the concept of coequation between abstract cosignatures, which
is equivalent to our notion of equational cosystem, and studies final coalgebras for them.
Ghani et al|[2003] introduce the concept of functorial coequational presentations, which
is equivalent to our notion of equational cosystem on a locally presentable base category
with an accessible functorial signature and an accessible functorial context, and study

cofree constructions for them.

Our theory of equational (co)systems is more general and comprehensive than that
of [Fokkingal|1996] and |Cirstea 2000], and can be related to that of [Ghani et al.2003]
as follows. The proof of the dual of Corollary together with the construction
of cofree coalgebras for endofunctors by terminal sequences of |Worrell [1999], gives a
construction of cofree coalgebras for equational cosystems on a locally presentable base
category with an accessible functorial signature that preserves monomorphisms. This is
a variation of a main result of the theory developed by |Ghani et al. [2003] (see e.g. their
Lemmas 5.8 and 5.14); which is proved there by means of the theory of accessible cate-
gories without assuming the preservation of monomorphisms but assuming that arities of

equations are accessible endofunctors.

140



9.3. Further research

9.3 Further research

It is of interest to investigate the characterization of algebras for ESs, such as the famous
Birkhoff’s theorem (HSP theorem) for algebraic theories. As a first step, we have shown
the following result: for an equational system S=% : X > 1+ L =R,

e S-algebras are closed under homomorphic images, if the endofunctor I' preserves

epimorphisms.
e S-algebras are closed under subalgebras.
e S-algebras are closed under products.

However, at present we do not know whether these properties generally characterize the
classes of algebras for ESs (with I' preserving epimorphisms).

Although we have no general completeness result for TEL, TEL turned out to be
complete for all our concrete examples of TES. Thus, we are interested in classes of TESs
for which TEL is complete, or whether there are additional sound rules that make TEL
generally complete. In particular, we would like to investigate whether TEL gives rise to
a complete logic for enriched algebraic theories.

As an important application of TES, we are interested in developing equational logic
and rewriting system for second-order abstract syntax [Fiore|2008]. Indeed, second-order
abstract syntax induces an associated TES, as it is represented by the monad induced
from free >-monoids (see Section on the presheaf category Set” for appropriate end-
ofunctors X, where F denotes the (essentially small) category of finite sets and functions.
Thus, from the TEL for the associated TES, we can extract a sound syntactic equational
logic for the second-order abstract syntax, which we expect to be logically complete. We
will also try to synthesize a sound and complete rewriting system following our method-
ology proposed in Section [7.2] which we expect to be a rewriting system similar to the
Combinatory Reduction System (CRS) of |[Klop| [1980]. This will be further investigated
with Fiore and published elsewhere.

In the context of the enriched algebraic theories of Kelly and Power| [1993], one may
also consider the categorical presentation of term rewriting via coinserters of |Ghani and
Luth| [2003] in the setting of algebraic theories on the category of preorders. In this
vein, we have developed the concepts of Equational Rewrite System (ERS) and Term
Equational Rewrite System (TERS), generalizing the concepts of ES and TES into an
abstract-rewriting enriched setting. More precisely, we enrich all notions for ES and
TES with the category Z of abstract rewrite systems whose objects are binary relations
on sets, called abstract rewrite systems or simply rewrites, and whose morphisms are
functions between underlying sets that preserve the associated binary relations. The
concept of rewrite (i.e., arbitrary binary relations on sets), rather than that of preorder,

captures the notion of single-step rewrite relation, which is not reflexive nor transitive.
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An important advantage of rewrites over preorders is that not only confluence but also
normalization (or termination) can be considered. We have also developed a theory of
free construction for ERSs, and a sound rewrite logic, called Term Equational Rewrite
Logic (TERL), and an internal completeness result for TERSs. This is joint work with
Fiore and details will appear elsewhere.

In their setting of abstract rewriting, |Abbott et al. [2005] presented abstract conditions
for modularity of confluence and of strong normalization. Similarly, we are interested in
seeking abstract conditions for such properties in our more general setting of TERS. As
a first step, generalizing the idea of Abbott et al. [2005] towards modular properties of
constructor-sharing term rewriting systems of |Ohlebusch [1994], we have found some
abstract conditions for modularity of confluence and of strong normalization of TERSs

with shared constructors. This joint work with Fiore will also be published elsewhere.
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Appendix A

Enriched categories induced from

actions of monoidal categories

For a monoidal category ¥ = (¥,-,I,«a, A, p), every right-closed ¥ -action (%, x*,q, X)
with right-homs € (C, —) : € — ¥ and evaluation maps €5 : €(C, X) * C — X induces

the ¥ -enriched category consisting of
e hom-objects € (A, B) € ¥ for all objects A, B € €

e identity maps ja : [ — € (A, A) for all objects A € € given by the transpose of the
map Ay : [ x A — A; and

e composition maps My pc: €(B,C)- € (A, B) — €(A,C) for all object A, B,C € €
given by the transpose of the composite

A% (B,C),€(A,B),A

(€(B,C)-€(A,B)) x A C(B,C)x (€(A, B) x A)

€ (B,C)xed eB

satisfying the unit and associativity axioms as shown below.

e The commutativity of the left unit axiom

Ma BB

% (B, B)-€(A, B)

iB -%(A,B)T /
€(A,B)

?(A, B)

follows from that of its transpose:

% (B,B)xe4 eB
(€(B,B) - %(A, B) » AZ£22 208 (g By i (¢4, B) « A) =22 (B, By« B S B
jB*(%”(A,B)*Aﬁ js*BT A
I*eB

(]BWAB)*A I*B g

€
B)) E(A,
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e The commutativity of the right unit axiom

Ma aB

f(A’ B) ’ ﬁ(/L A)

(A B)-1

Z(A, B)

follows from that of its transpose:

Qg (A,B),€(A,A),A
_—

< f(A,B)*eﬁ e‘g
(€(A,B)-€(A,A) + A (A, B) * (€(A, A) x A) €(A,B)x A5 B

%(A,B)*(jA*A)T /
Z(A,B)*xa
(€(A,B)-ja)* % (I % A) A
pe(A,B)*A “(A,

(€(A.B)-1 B) + A

e The commutativity of the associativity axiom

A€ (C,D),€¢(B,C),%€(A,B)

(€(C,D)-€(B,C))-€(A,B) ¢(C,D)-(€(B,C)-€(A,B))
MB,C,D'%(A,B)l l%(ch)'MA,B,C

€(B,D)-%(A,B) €(C.D) - Z(A,C)
k%m, D) %

follows from that of its transpose:

« xA

(€(C, DYE(B, O)}E (A, B))wd ——— =m0
(MB,C,D'(f(AvB))*A
aﬁB,D),‘z(A,B),A

N

Mp.c,p*(€(A,B)xA) ®%(C,D),€(B,C),€(A,B)*A €(C,D)x(Ma,B,c*A)

/@”(C,D).(B 0))*EB\%(QD;%(B,C),%(A,B),A

€ (B, D)(%(A, B)+A) €(C, DE(B,OE(A,B)A))  E(C. D)<(E(A,C)xA)

%(C,DM%(B,C)*N

€(B,D)re (€¢(C, D)€(B,C))«B— €(C, D)(€(B,C)*B) | €(C.D)xc

a4(0,D).€(B.C),B
/mﬂm ¢(C,D N

(€(C,D)(€(B,C)€ (A, B)))*A

(%(CvD)'AfA,B,C)*A
Q¢ (0,D)-6(B,C), %6 (A,B),A Q¢ (C,D), 6 (B,C)-6(A,B),A (€(C, D)E(A, C))+A
\

A%(C,D),6(A,C),A

S
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